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so. BACKGROUND AND OUTLINE 

Following the line of thoughts established in Rayleigh-Gans scattering [ll[2l|3], Max Born (see Ref. H], Kap. VII, 
"Molekulare Optik") attacked the light scattering problem in general geometries by viewing the process as the radiation 
of induced dipoles in the dielectric medium (i.e. with dielectric constant e = (1 + x)eo = n^ep, but otherwise non- 
magnetic, with magnetic permeability ^ = fio equal to that of the vacuum). Born's approach formulates the light 
scattering problem as an integral equation, akin to the Lippmann-Schwinger equation in quantum scattering. 

Adopting the convention to separate the time and space variables of monochromatic light radiation as E{r,t) — 
E{r)e^'^*,^ writing the electric field of the incident light as Einc{''',t) — -E'inc(f")e"^*, and using x(r) — n^(r) — 1 to 
denote spatial distribution of dielectric susceptibility, we may put the Born equation (cf. Ref. jl], p. 315, Eq. 11) of 
light scattering in the form of 

E{r) = EUr) + VxVx JJJ ^ ^' " x{r)E{r). (1) 

The three terms on the right-hand side represent the incident field, the radiation field due to oscillating dipoles, 
and the depolarization field, respectively. It is usually a physical requirement that the incident field be a source-free 
vibration in the entire space, i.e. V • Ei^cif) = Oj (V^ -I- k^)Ei^c{i') = 0,Vr S K^. This is a natural consequence of 
the homogeneous Maxwell equations |9] satisfied by the incident electric field Eind'i'^t) and magnetic (induction) field 
Binc{'r,t) in a space devoid of charges and currents:^ 

V-£;inc = 0, V X Bine = MoeO^^^^, V-Sinc = 0, V X Einc = - ^^qI^" ■ 

Here, the relation (^0^0)"^^^ = ^/k = c gives the speed of light in the vacuum. 

Following the spirit in Born and Wolf's book (Ref. [10], see also [ll], pp. 33-34), one may derive the Born equation 
from the Maxwell equations as follows. Let D{r,t) = [1 + x{''')]^oE{r,t) be the electric displacement, A{r,t) be the 
vector potential satisfying B{r,t) — Wx A{r,t), then we have 

iu;[E{r)+xir)E{r)y^' = - ' ' = c^V x B(r,t) = c^V x V x A(r,i), 

according to one of the Maxwell equations. Here, the total electric field E{r, t) = Ei^ci'i', t) + Esc{r, t) and total mag- 
netic field B{r,t) = Bincir, t)+Bsc{r, t) can be attributed to the superposition of the incident field £^i„c(r, t),Binc{''', t) 
and the scattering field Esc{r,t),Bsc{r,t). The scattering electromagnetic field, with 0(l/|r|) asymptotic behavior 
at large distances \r\ +00, satisfies the inhomogeneous Maxwell equations 

V • iJsc = 0, V X = /io Up + j , V • Bsc = 0, V x E,, ^ 

Here, the polarization current density Jp{r,t) = [e(r) — eQ]dE{r,t)/dt = iujeQx{r)E{r)e'^'^* (the density of electric 
current generated by oscillating dipoles in the dielectric medium) acts as a source for electromagnetic vibration, giving 
rise to the d'Alembert equation for Asc{r, t) as 

2. . ,^ l&^A^ryt) X(r-) dE{r,t) 

Suppose that the susceptibility vanishes outside a large sphere x('") = 0, \r\ > Rm, then the solution to the above 



^ This is the convention set up in the presentation of Mie scattering theory in the original paper by Gustav Mie |5], and is thus followed by 
various other sources of literature on light scattering (e.g. Refs. |6l|7]) as well. Unfortunately, the usual convention in electrodynamics 
(e.g. Refs. HI [9]) is just the opposite E(r,t) = £;(r)e~*"*. This discrepancy causes a sign difference in the imaginary part of the 
susceptibility Imx(r), among other things. In what follows, whenever necessary, we quote a literature result after paraphrasing it to 
accommodate to the e''^* convention. 

^ This is an idealization of the scenario in reality, where the charges and currents responsible for the incident light beam are sufficiently 
far from the scattering medium, and neither the charge distribution nor the current distribution of the beam source is seriously affected 
by the scattered light. 
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d'Alembert equation satisfies (See Ref. [12], Eq. 14.10) 
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It is a physical requirement that the scattering field has the asymptotic behavior Asc(t, t) = F{r /\r\)e^^*^^^^^^ /|r|(l^ 
0(l/|r|)) as |r| +oo, so the surface terms^ in Eq. [2] vanishes in the Rm +00 limit. 

In other words, the scattering magnetic field can be represented by the following retarded potential formula"': 



B,c(T-,i) - V X Asc(r,t) = X 
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. [T|) for light scattering emerges after we substitute the expression of Bsc{r,t) (Eq. |3} 
lo (Jp + codEsc/dt). 



Now, the Born equation (Eq. 
into the relation V x Bsc = Mo ' 

As shown above, the Born equation can be rigorously derived from the Maxwell equations, and it gives a clear 
physical picture of the microscopic mechanism of light scattering - it directly attributes the distortion of the incident 
wave via the light irradiation emitted from the electrically-driven molecules that constitute the dielectric medium. For 
light scattered by a homogeneous medium occupying a bounded volume^ satisfying certain geometric and topological 
constraints, with refractive index satisfying n = + x > or Imn < 0, Claus Miiller has proved (see pp. 297-320 
in Ref. |8] for an abridged presentation) that the Maxwell equations for scattering problems are well-posed. In other 
words, when the incident field Ei^c satisfies the Helmholtz equation (V^ -I- fc^)£Jinc(f ) = and the divergence-free 
condition V • Einc{r) = (as dictated by the Maxwell equations^), the Born equation admits a unique solution E{r) 
(which also solves the Maxwell equations), and the output E{r) depends continuously on the input £^inc(i")- Miiller 
has also proved that the Maxwell equations are well-posed if the susceptibility xi''') is continuously differentiable in the 
entire space (pp. 285-297 in Ref. [8]), or if the homogeneous medium is a perfect conductor (pp. 320-326 in Ref. |8]). 

However, in practice, one often needs to study the solvability of the Born equation for arbitrary (say, merely 
differentiable or square integrable) incident fields Ei^^ that do not necessarily satisfy the Helmholtz equation, due to 
factors such as model imperfections and numerical approximations in the incident beam profile Eind'i'), as well as 
iterative procedures (like successive Born approximations) that may not necessarily preserve the Helmholtz equation. 
Therefore, in general, the mathematical well-posedness of the Born equation (in the form of Eq. [T| is a much stronger 
result than the well-posedness of the Maxwell equations. When the spatial distribution of dielectric susceptibility x{f) 
has bounded second-order partial derivatives in the entire space, optical scattering problems for square-integrable 
fields can be formulated in the framework of Schrodinger methods (see Ref. [13], pp. 197-199). In case the spatial 
distribution of dielectric susceptibility xi''') continuously differentiable in the entire space, and the gradient satisfies 
the Lipschitz-Holder inequality |Vx(r) — V'x(t'')I ^ Li\r — r'|",Vr,r' e M"^ (0 < a < 1), the electric field will 
be continuous everywhere, and the corresponding Born equation has a well-understood mathematical structure (See 
Ref. [14], Chap. 9). Recent literature [15] has also extended the mathematical well-posedness of the Born equation 



^ The surface terms do not vanish for the incident field. Therefore, the incident field can assume non-zero values despite the fact that it 

satisfies a homogeneous set of partial differential equations. 
■* The choice of the retarded Green's function (with retarded time t' = t — c~^\r — r'\) yields a far field as asymptotically proportional to 

e-*'=l''l/|r|. Although the choice of the advanced Green's function (with advanced time t' = t + c~^\r — r'\) seems an ostensibly feasible 

solution to the d'Alembert equation, it violates the physical law of causality and ultimately undermines the well-posedness of the Born 

equation. 

Hereafter, we use the word "volume" to denote either a three-dimensional region depicting a solid shape or a number that describes 
the amount of space occupied by that region, the exact meaning of which is usually clear from context. We also use the abbreviation 
"dielectric volume" to mean "the region occupied by the dielectric medium"; similarly, "dielectric boundary" refers to the boundary of 
the region occupied by the dielectric medium. 
^ In Miiller's proof, the Helmholtz equation and the divergence-free condition are both allowed to break down within a bounded volume 
outside the scatterer (where x(r) = 0). In other words, it accommodates the situation where the incident beam is pumped by charges 
and currents lying in a bounded volume. 
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to cases where the susceptibility satisfies the Lipschitz-Holder inequahty |x(r) — x(r')| < Lo\r — r'|",Vr,r' G 
(0 < a < 1). However, in typical experimental geometries for light scattering on dielectric media, the distributions 
of dielectric susceptibility x(r) is piecewise constant, and the electric field has discontinuities. The presence of 
discontinuities complicates the mathematical structure of the Born equation, and its understanding has been limited 
to some numerical studies of the integral operator related to sphere scattering |16] . 

Later afterwards in this supplementary material, we will provide an in-depth analysis for light scattered by a 
homogeneous dielectric medium occupying a bounded volume V, inside which xi^) = Xj outside which xi^) = then 
the triple integral on the right-hand side of the Born equation can be rewritten as the integral inside the volume V: 



47r|r — r'l JJJv 47r|r 

and we will be mainly interested in the Born equation inside the volume V as well:^ 



(l + x)£;(r-) = £;i„c(r-) + xVx Vx J J 4^\r - r'\ ' ^ 

For a dissipative/absorptive medium, we have Imx < 0; for a non-dissipative/non-absorptive medium, we have 
Imx = 0.^ We will not be discussing perfectly conducting material where Imx = — oo, as the boundary condition of 
electromagnetic field at a perfectly conducting metal surface is relatively simple, and the related scattering problems 
have been well understood |181 119) . Besides the detailed analysis for the homogeneous dielectric media, we will also 
briefiy mention natural generalizations of our arguments to inhomogeneous and anisotropic media. 

In Section |ST| of this supplementary material, we will establish the following result concerning the solvability of the 
Born equation (Eq. [3]). 

Theorem 0.1 For dissipative dielectric media Imx < 0; tf^^ Born equation (Eq. |^ has a unique solution for every 
incident beam satisfying the square-integrahility condition jjjy\Eiy^c{i')\^d^r < +oo, and the solution satisfies the 
bound estimate 

Moreover, when x ^ {~oo, —1], the Born equation (Eq. ^ has a solution for every sqiLare-integrable Ei^c if md only 
if the corresponding homogeneous equation (with Ei^c = 0) admits only a trivial solution E — 0. | 



To arrive at Theorem |0.1| we will show, in Section [Si] that for light scattering problems formulated as above, a certain 
type of energy conservation law (or a form of "generalized optical theorem"^) holds 



47r 



"' - - — (6) 
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There are two reasons why the electric field inside the dielectric is more essential than the field outside. From the perspective of the 
Born equation, the electric field outside the dielectric volume can be fully determined by the incident field and an integral involving 
the internal field E{r),r e V, thus playing a subordinate role in scattering problems. From the perspective of the Maxwell equations, 
the electromagnetic field in the exterior region is also completely determined by the tangential components of the electric field on the 
dielectric boundary and the radiation condition at infinity, according to William Saunders' theorem on the unique and existent solution 
to electromagnetic diffraction problems [TTj . 

^ The non-zero imaginary part in dissipative/absorptive media can arise from different microscopic mechanisms [9], such as (a) the 
radiation damping of bound electrons and non-radiative decay of excited states in insulators; (b) the Joule heating induced by the 
motion of free electrons in conductors; (c) a combination of mechanisms a and 6 in semiconductors, and so on. Nonetheless, in terms of 
the linear response to time-harmonic electromagnetic fields (i.e. monochromatic "light"), all these materials can be phenomenologically 
described as a "dielectric" with complex-valued susceptibility x- 1° the light of this, the term "dielectric" will be used hereafter in a 
broad sense, to cover non-conducting insulators as well as conducting metals. For convenience, we may also write Imx = — o'cond/'^ 
where (Tcond > is the phenomenological electric conductivity. 

" In the literature [20] |2T] [22] , "generalized optical theorem" was used as an umbrella term for a variety of formulas that were established 
in a similar vein as the classical optical theorem, which relates the total extinction cross-section to the imaginary part of the forward 
scattering amplitude. Indeed, when the incident field Bine represents a plane wave eince"**^, then the right-hand side of Eq. [ijis equal 
to the imaginary part of the forward scattering amplitude ^Im |^— fffy ^X^-iJy''') ' E{r)e^''^ d^rj , as in the classical optical theorem. 
When the incident field Bine is arbitrary, the right-hand side of Eq. [6] can be phenomenologically interpreted as the electromagnetic 
work done in unit time by interaction of the incident field Bine with the polarization current density Jp{r) = iu}eox{'>")E{r). 
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whenever the electric energy is finite: JJJyE*{r) ■ E{r)d^r < +00, J J Jy E*^^{r) ■ Eincir)d^r < +00. Here, the 
total scattering cross-section age (which may be regarded as electromagnetic energy that is radiated, in unit time, to 
infinite distances) is given by 



167r2 



\n\ = l 
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where dfi = smOdOdcf) is the infinitesimal solid angle; while the total absorption cross-section tJabs (which may be 
phenomenologically interpreted as dissipation of electromagnetic energy in unit time due to Joule heating) is given by 
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> 0. 



Although our major arguments will be carried out for the homogeneous dielectric in a bounded volume (Eq. [ij, most 
of our conclusions also have natural generalizations to the Born equation related to an arbitrary spatial distribution 
of dielectric susceptibility xi'"') that vanishes outside a bounded volume (Eq. [TJ. 

In Section [S2] of this supplementary material, we will extend the quantitative arguments in Section |S1[ and pave 
way for a practical solution to the light scattering problem using the evolution semigroups. The major conclusion of 
Section [S2] can be summarized in the following theorem. 

Theorem 0.2 // the dielectric has a smooth boundary dV and connected exterior volume M.^ \ {V \J dV), with its 
susceptibility x satisfying Imx < and x 7^ ~2, then the Born equation (Eq. |^ has a unique solution for every 



incident beam that satisfies both the energy condition JJJy |-Einc 



{r)\^d- 



r < 



-00 and the transversality cone. 



V • £Jinc(^) = 0,r G V^. Moreover, the solution to the Born equation (Eq. |^ encounters only a discrete set of 
singularities ("optical resonance modes") in the entire complex x-p/ane. | 



As a result, the light scattering problem can be robustly solved except in a neighborhood of x 
numerical instabilities may occasionally arise, due to unbounded electric enhancement ratio 



-2 where intrinsic 



sup 
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|-Ei„c(r) 



■■d-'r 



that may accompany the Born equation (Eq. [iJ in the case of x = —2. 

The rest part of this supplementary material serves as a technical presentation of the mathematical arguments 
involved in the analytical studies of the Born equation. The presentation will be organized in standard mathematical 
format, where a major claim is highlighted as a numbered Lemma, Proposition, Theorem or Corollary. The 
statements of these claims maintain the logic fiow, which is further substantiated by the accompanying passages that 
start with the label Proof and end with the sign|. 

In what follows, the notation n = ^J1 + x (Inin < 0) will be reserved for the refractive index, the symbol k = |fc| 
for the wave number (the modulus of the wave vector k), and the letter c for the speed of light — out of respect to 
their prime importance in formulating the physical problem of light scattering. Neither n nor k in italic faces will be 
used as integer indices in subscripts or superscripts, and the lower-case c in italic face will not be used to represent a 
generic constant. The notation n in bold italic face will always stand for a unit vector (|n| — 1) in various contexts. 
We also differentiate the use of symbols e and e, the former being reserved for the dielectric constant e = (1 -I- x)eo as 
in physical literature, while the latter stands for an infinitesimal quantity in various mathematical contexts. When 
we speak of "wavelength", we mean A^ave = 27r/|fc|, and as a compromise, the plain A will be used in the spectral 
analysis of linear operators. 

In this supplementary material, we strive to keep the presentation accessible to both the mathematically and 
physically inclined audience. In particular, for the sake of self-consistency, we will explain, in (more or less) pedagogical 
detail, some standard mathematical terminologies and tools that may appear foreign in the physical literature on 
electromagnetic scattering. Following a mathematically rigorous Proof, there may be a Remark that accommodates 
physical interpretations of the immediate results, as well as possible cross references. 

Acknowledgments This work is part of the thesis project supervised and supported by Prof. Xiaowei Zhuang of 
Harvard University. 



SI. SPECTRAL PROPERTIES OF ELECTROMAGNETIC SCATTERING 



In this section, we will establish the claim that the Born equation for light scattering is mathematically well-posed 
for dissipative media, in terms of uniqueness, existence and stability, based on the generalized optical theorem. 
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We will prove in |S1.1| and |S1.2[ that the "energetically admissible" solutions to the Born equation are unique 
and existent, when light is scattered by dielect ric media occupying some "regular" regions^" F C M'^ in the three- 



dimensional space K''. Furthermore, in SI. 2. 3 we will show that the solution to the Born equation is also stable 
with respect to small perturbations in the incident field E-mc, small deviations in the wavelength Awave — 27r/fc, and 
small distortions in the regular shape V of the scattering medium, and the solution is also complex-analytic with 
respect to the susceptibility x for Imx < 0. In the meantime, we will also outline the spectrum of the Born equation, 
by pinpointing the values of complex susceptibilities x that may either fail the uniqueness theorem or the existence 
theorem. 

Before embarking on the proof of the well-posedness of the Born equation in |Sl.l| and |S1.2| we need to precisely define 
"shape regularity" in terms of geometric and topological constraints on the dielectric volume, as well as specify the 
requirements for "energy admissibility" in terms of analytic properties of electric fields. We also need to demonstrate 
that our definitions about "regularity" and "admissibility" are compatible with the Born equation. These preparations 
form a separate subsection |S1.0| as immediately follows. 



Sl.O. Shape Regularity, Energy Admissibility, and the Born Equation 

SI. 0.1. Regular Shapes and Energetically Admissible Vector Fields 

First, we recapitulate some standard topological terminologies (cf. Ref. |23| 121] ) that apply to a region M C K^. 

Definition We say that a region M C M"^ is bounded if there exists a finite constant Bm < +oo such that \r\ < 
BM,yr G M. We say that the region M C M'^ is compact if it is a bounded set satisfying CI (A/) = M. Here, the 
topological closure of a non-empty subset A C M"^ in M.^ is defined as CI (^) := {r G M.^\3 a sequence {r^ e A\s — 
1,2,.. .}, such that limg^oo l^^s — r\ = 0}. In other words, CI {A) is the totality of points that can be expressed as 
the limit of a sequence in A. Axiomatically, the topological closure of the empty set is defined to be itself: CI (0) — 0. 
We write A'^ A (and say that A^ is compactly contained in A) if A^ C Cl{A'^) C A and CI (A'') is bounded. The 
topological boundary dM of M is given by dM = CI (M) n CI (M^ \ M), which also satisfies CI (M) = Af U dM. 

We say that M is open if 'M? \ M is closed, i.e. CI {M? \ M) = R^\M. Equivalently, a non-empty subset M C is 
said to be open if for every point g M, there exists a positive number e > such that the open-ball neighborhood 
0(r^,, e) := {r G K^|0 < |r — < e} C M is contained in M. The empty set is open, because \ = is closed. 
We say that M is connected if it cannot be further decomposed into the union of two separated and non-empty sets, 
that is, whenever we have the decomposition M = Mi U Af2, where Cl(Afi) n M2 — A/i n Cl(Af2) = 0, then either 
Afi = or M2 = 0. 

For an arbitrary set Af C M'^, we say that its non-empty connected subset X C Af forms a connected component of 
Af if any connected set Y satisfying X <zY <Z M must also satisfy X = Y . When Af C M'^ is an open set, then any 
one of its connected components is also an open set. | 

Next, we recapitulate some standard notations for differentiable and integrable mappings (cf. Ref. |25l l26l [27l l28l [29] 

m)- 

Definition In the following, a complex-valued vector field F{r),r e Af is identified with a mapping F : Af — > C'^, 
with its modulus at a certain point r given by |i^(r)| :— y/F*{r) ■ F{r) > 0, and its support suppF defined by 
suppF :— Cl{r e Af||F(r)| > 0}. We say that the vector field F : Af — > C'^ is bounded on Af if there exists a finite 
constant Bp < +00 such that |f (r)| < Bp^r G Af. In general, the least possible number b G [0, -l-oo] that fulfills 
the inequality |i^(T)| < 6,Vr e Af will be denoted by sup^g^j |i^(r)|, and bounded vector fields accordingly satisfy 
sup^g^.j l-F'(''')l < +00. We say that the vector field F : Af — > is continuous at a given point r G Af if for any 
sequence {vg G Af |s = 1,2,...} that converges to r (i.e. lim^-^oo l^s — r\ = 0), we have lims^oo \F{i's) — -F'('")| = 0. 

We use the abbreviation D^^F, = m > to refer to any of the 3™ possible partial derivatives (in the classical 
sense^^) of the vector field F : Af — > C"^, and |^| = corresponds to the original vector field without differentiation. 
For m = 0, 1, 2, . . . , we define the family of m-th order pointwise continuously differentiable vector fields on Af as 

C""(M;C^) := {F : Af — > C^|The vector field fJ'^F is continuous at every point r G M,\/\fj.\ < m}. 



^° In all that follows, A C B denotes that A is a (not necessarily proper) subset of B, and hence A C B does not preclude the possibility 
of A = _B. The inclusion relation for proper subsets satisfying A C B and A ^ B will be denoted hy A ^ B. 

For example, let u g {ex,e.y,e.z\ be a unit vector, then the first-order classical derivative {u - V)J^(r) at the point r = ro is evaluated 
by limg^o [■^'{ro -I- £u) — F(ra)]/e, provided that the limit exists. Here, e^. ■ V refers to d/dx, and so forth. 
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In particular, C°(M;C^) denotes the family of pointwise continuous vector fields on M. Noting that a contin- 
uous mapping sends a compact set to a bounded set, we may conclude that for every F € C""(M;C'^), the 
vector field D'^F : M — > C'^,V|i>'| < m is bounded on any subset (g M compactly contained in M, 
i.e. ||-F'||c'"(A/'i:C-') •= 12\iy\<m^^PreM*i \k^^'^^ D'^ F{r) \ < +00. In a similar vein, we may define the family of pointwise 
continuously differentiable mappings C''\M'; C^) where M' C M''' is an arbitrary subset of a Euclidean space M of 
dimension d' = 1, 2, 3, ... , and is the d-fold (c? = 1,2,3,...) Cartesian product of the complex plane C. 

We define the family of infinitely differentiable vector fields on M as C°°{M;C^) = pl^^^^Q C""(Af; C"^). We define 
the family of infinitely differentiable and compactly supported vector fields on an open set AI as C^{M;C^) :— {F S 
C°° {M; C^)\supp F (£ M}. When M is bounded and open, every member of C§°{M;C^) is infinitely differentiable in 
M and vanishes in a certain neighborhood of the boundary dM. 

We define the family of p-th power integrable^^ vector fields on M as 



LP{M;<C^) -.^ If -.M 



|Lp(M;C3) 



\F{r)\Pd^r 



M 



1/p 



< 



The space LP{M; C^) becomes a Banach space equipped with the L^-norm ll'lliPfM C^*) ^'-'^ P ^ 1- In the specific case 
p = 2, the Banach space L'^{M; C^) becomes a Hilbert space, on which the L^-norm satisfies " '^"^ 



with 



^\\L^A^■c^) - {F,F)m 



F,G)m--= /// F*{r)-G{r)d^r 

J J J M 



being a scalar product satisfying the Cauchy-Schwarz inequality | {F, G) 



M 



< \\F\ 



L2(M;C3) 



L2(A/;C3)- 



(Here, it is 



important to append a subscript for the scalar product {F,G)s} to highlight the related Hilbert space Sj. When we 
consider the Hilbert space i5 — L^(M;C'^), we use the short-hand notation {F ,G) l2i^m;C^) = {P,G)m hereafter.) 

For a generic F e LP{M; C^), where M is bounded and open, we may define its derivatives W^F, \fi\ = m > (in 
the distributional sense) by the relation JJJj^ ilj{r)D'^F{r) d^r = (-l)!*^! JJJj^^ F{r)Di^i}{r) d^r,^^; e C^{M;C). 
We define the family of vector fields of Sobolev type-{m,p) on AI as 



W^^PiM; C^) := {F e LP{M; C^) 



II-F||h""-p(M;C3) 




i/p 



fc-l''IZ)'^F(r)|f d^r 



< +00 



where m = 0, 1, 2, . . . , and 1 < p < +00. Naturally, we have C""(M'; C^) c W^'"'P(M; C^) if M d M' . | 

With the above definitions, we may proceed with specifying the topological and analytic conditions for the light 
scattering problem on a dielectric volume V. 

Definition (Regular Shapes and Energetically Admissible Fields) We call the non-empty dielectric volume 
V "regular" if it is a bounded open set. (In non-technical terms, the volume V represents a three-dimensional bulk 
material that has finite spatial extent.) We call the internal electric field E{r),r E V "energetically admissible" if it 
is square-integrable E G L^(y;C^) (i.e., with finite "electric energy" JJJyE*{r) ■ E{r)d^r < +00). | 

We note that our requirements on shape regularity are much more lenient than the conventions given by Colton 
and Kress' book on scattering theory (Ref. [iQ, Chap. 2), or Miiller's book on electromagnetic waves (Ref. [8j, 
Chap. VI). Noticeably, we have not required that V can be decomposed into finitely many connected components 



,Nv < +00, nor have we required that the boundary dV be a smooth surface. During most of our 



discussions later in [Slj we neither require that the exterior volume E'^ \ (F U dV) be a connected set as in Ref. [8]. 
Meanwhile, we note that our requirements on admissible "electric fields" are also relatively lenient. We have not 
imposed the Helmholtz equation on E as in Ref. |8], nor have we mandated that the derivatives of E satisfy certain 
Lipschitz-Holder inequalities as in Ref. [l^. Moreover, our energy admissibility conditions only concern the bounded 
volume F d IR"^, rather than the entire space M.^. 



Unless otherwise noted in certain circumstances (e.g. in Sl.l.l| and |S2.1.l| , every integral appearing in this supplementary material is 
interpreted as a Lebesgue integral (see Ref. [31], Chap. V), and the domain of integration M is understood as a Lebesgue-measurable 
set (see Ref. [31], p. 62). 
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The rationale behind our definition of shape regularity and energy admissibility is the need to understand the 
solvability of the Born equation in a general context. Namely, not only do we want to deal with dielectrics whose 
boundary surface may or may not be smooth, but also to treat the Born equation as a differo-integral equation in its 
own right, without the assumption that E must be an electric field that solves the Maxwell equations. 



SI. 0.2. Born Equation for Energetically Admissible Electric Fields 



Despite the apparent lack of boundary smoothness and the apparent absence of the Helmholtz equation and the 
Maxwell equations in our definition of "regular shapes" and "energetically admissible electric fields", we will see that the 
Born equation is still well-defined in our formulation of the regularity and admissibility conditions, as demonstrated 
in the following proposition.^^ 



Proposition 1.1 The Born operator B : C^{V\<C^) 

{BE){r) {l + x)E{r)-xV x V x 



c°°{v■X^)c^L^{v■X'^) 

47r|r — r' 



dV, rey 



(1.1) 



V 



is well-defined wh ere the partial derivatives on the right-hand side of Eq. are interpreted in the classical sense. 
Furthermore, Eq. 1.1 continuously extends the definition of the operator to B : L'^{V;'C^) — > L'^{V;'C^), where the 
partial derivatives are interpreted in the distributional sense. 



Proof For E G Cf^^V; C^) c L^iV; C^), we may define 



iCE){r) 



Y 47r|r — r'l 
3;C3) C C°°{V;C^)nL^{V; 



(1.2) 

■^). Therefore, we have BE g 



and use integration by parts to verify that CE e C°°{ 
C°°{V;C^)r\L^{V;C^) for every £; e C^(F; C^). 

As we decompose the Born operator B : C^{V; C^) — > C°°{V; C^) n L'^{V; C^) in the following form 



iBE){r)^il+x)E{r)~x^xVx 



E{r') 



-d^r'-xVx Vx 



47r r 



47r|r — r' 



d V, reV, (1.3) 



we may recognize that the above formula is also meaningful as a mapping B : L'^{V;C^) — > L'^{V;C^), so long as 
the partial derivatives are interpreted in the distributional sense. There are two underlying reasons for this. On one 
hand, for any E G L'^{V;C^), its Newton potential 



{AfE){r) := - 



E{r') 



dV 



belongs to Sobolev type-(2,2), i.e. J\fE € W'^''^{V]'C^) as long as V is open and bounded (see Theorem 9.9 in 
Ref. [26], also Theorem 10.1.1 in Ref. |30]), so we must have Di^AfE e L^{V;C^)y\n\ = 2. In particular, we have 
VxVxAfE e L'^(y;C^). Moreover, we also have the identity I]|^|=2 \\D'^-^^\\L-^(m3-c^) = ll-^llL2(y.c3) (see Theorem 
9.9 in Ref. |26], also Theorem 10.1.1 in Ref. |30]). On the other hand, we may consider the following Hessian matrix 



VV- 



g-jfc|9 — r'\ _ 



/ _9_ 



dxdy dxdz 
dydz 



g-ifc|7 — r'l _ ^ 

AttW — r'l 



dzdx dzdy dz^ 



47r|r - 



1 - e-*'=l'-'''l (1 + ifc|r 



e-*'''l''-'''l(l + ifc|r-r'|) -1 



-ih\r~r'\ 



(1.4) 



From now on, the volume y C is understood as a generic bounded open set, unless further geometric and/or topological constraints 
are imposed thereupon. 



8 



where stands for the 3x3 identity matrix, and the superscript transposes a column vector to a row vector in 
the expression 



/ / / \ T 
r — r I r — r 



rr 



\r ~ r'\ \ \r — r 



One may recognize that all the elements in the Hessian matrix become of order 0{\r — r'\ ^) as |r — r'\ 0, which 
is a square-integrable singularity. Therefore, we may differentiate under the integral sign 



V X V X 



Anlr — r' 



-V^ + VV 



^g-ife|r-r'| _ 

AttW — r'\ 



E{r')d'^r' 



and construct a linear operator^'' 7 : L^{V; C^) — > L^{V; C^) by 



where the 3x3 matrix 



T{r,r')E{r')d^r' = V x V x 



Anlr — r' 



h.2 -ik\r-r'\ „-ife|i — r'| _ i 

r(r,r') = ^T^ -r + y\j 



Anlr — r' 



Anlr — r' 



satisfies the Hilbert-Schmidt bound 



Tr[f*(r,r')f(r,r')]d3r' ^ d3r < +00 



IV J JV 

Using the Cauchy-Schwarz inequality, we may verify the bound estimate 



(1.5) 



117^^1 



L2(V;C3) 



V{r,r')E{r')d^r 



d> 



< 



< \\E\ 



L2(y;C3) 



< I|-^IIl2(V;C3) 



f*{r,r')f{r,r') \E{r')\d^r'\ d^r 

f*(r,r')f(r,r') 
r*(r,r')f(r,r') 



Tr 



dV 
dV 



d> 



d'r^{^[k-V]\\E\\L2(V;C-)y 



where Amax extracts the largest eigenvalue of the 3x3 positive-semidefinite matrix f *(r, r')f (r, r'). Therefore, so 
long as. E € L'^iV; C^), we must have BE e L'^iV; C^) as well. 

Now we need to explain that there is a continuous extension from B : C^{V; C^) — > C°°{V; C^) n L^{V; C^) to B : 
L'^iV; C^) — > L'^iV] C^). According to a standard result (see Lemma 2.19 in Ref. [29j, the function space C^{V; C^) 
is dense in L'^{V;C^), in the sense that every member E S L'^{V;C^) can be approximated by a sequence {Eg S 
C(f (F;C3)|s = 1,2,...} in L2_norm: lim,^^, \\E, - E 

E)\\Uv;c^) < j:m=2 WD^mEs - E)\\i, 



s^oa w-^s — ^\iL^{V;C^) = 0- In the meantime, we have X]|/i|=2 W^'^^iEs — 



2(y;C3) 



\Es - EWl^f^y.^s) -> and \\^{Es - E)\\l2(^V:C^) < l[k; V]\\Es 



0, as well. Thus, we have limj^oo \\BEs — S£^||i2(y.c3) = 0. In the light of this, to define BE for 



EL^.,^, 

an arbitrary E S L'^{V;C^) which might involve distributional derivatives, it would suffice to pick a convergent 
sequence {Eg S C^{V;C^)\s — 1,2,...} that tends to E in L^-norm, and consider the L^-limit of the sequence 
{BEg € C(^{V; C'^)\s =1,2,.. .}, where only classical derivatives are involved in the definition of each BEg. | 



Actually, this operator extends to 7 : L'^{V;C''^) — > C'' (K-^ ; C"^ ) , because convolution of a square-integrable function with a square- 
integrable convolution kernel yields a continuous function, as can be verified by the Cauchy-Schwarz inequality (see Ref. |25], p. 271). 
It is the continuity of the vector field e C'' (M-^ ; C'' ) that justifies the differentiation under the integral sign, by a standard argument 
(sometimes known as the Leibniz integral rule) based on the Fubini theorem (see Ref. |3l], p. 148 or Ref. [29], p. 25) and the Newton- 
Leibniz formula. 
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Remark Using integration by parts, one may verify that for an "electric field" E € C^{V;C^) n L'^{V;C^) that 
is both continuously differentiable and square integrable, we still have J\fE G C'^{V;C^), so the distributional and 
classical derivatives of ME coincide up to second order. In other words, the continuous extension along the chain 
C^{V;C^) C C^{V;C^)r\L'^{V]C^) C L'^{V;C^) preserves the the term V x V x A/'-E in the Born equation as classical 
derivatives for "physically reasonable" E fields (say, of type C'^{V; C^) n L'^{V; C^)) that do not necessarily vanish in a 
neighborhood of dV. So our definition of the extended Born operator B : L?{V\ C'^) — * L^{V; C^) consistently leads 
to a differo-integral equation whenever E is sufficiently well-behaved. Moreover, our definition of B : L^(F;C^) — > 
L'^{V;C^) is also consistent with the discrete dipole approximation method [T5 | ITH l l32] l33l l34| l35 | IM j l37| (also known 
as the digitized Green's function method) in the literature on light scattering (see SI. 3.1 for details). | 



Sl.l. Uniqueness Theorem for Electromagnetic Scattering 

In Proposition |1.1| of |S1.0| we have established the fact that for regularly shaped volume V, the Born operator 

is an endomorphism that sends every square-integrable field to another square integrable 
field, that is, BL^(y;C^) C L^{V;C^). 

This subsection is devoted to the proof of the fact that the solution to the Born equation BE = Ei^c is unique under 
certain conditions. Namely, we will prove that the conditions ||£^inc||L2(y.c3) = ||S£^||L2(y.c3) — and E G L'^{V;C^) 
imply ||£^|| j;^2(-y.(;;3-) = 0, wheu some constraints on the susceptibility x and/or dielectric volume V are imposed. Before 

this can be done, we need to establish a generalized form of optical theorem for the Born operator B : L'^{V;C^) — > 
L'^{V;C^), with the help of Fourier transforms. 



SI. 1.1. Fourier Transform of the Born Operator 

Definition (Fourier Transforms) For any F E L^(M'^; C^), we use the following notation 



to represent its Fourier transform, and accordingly. 



F(r)e"J'^dV 



(1.6a) 



Fir) 



1 



(2^)3 



for the inverse Fourier transform. The pair of vectors fields F G 
Plancherel identity (see Ref. [S^, p. 104) 



F{q)e-"i '' d^q (1.6b) 
C^) and F e L'^{M?; C^) satisfy the Parseval- 



|F(r)|^d> 



1 



(27r)3 



\F{q)\'d-'q, 



which can recast into an equivalent form for F,G G £"( 



2m3. r"3 



F*{r) ■ G{r)d^r 



1 



(27r)3 



) and F,G e L^i 



F*{q)-Giq)d'q 



) as 



(27r)3 



Here, if we further have F e L^{R^;C^) n L^{R^;C^), then Eq. _ 
JJJ^3 F{r)e'^''''^ d^r that converges absolutely. Likewise, if e L-^{ 



1.6a 



coincides with a usual int egral 



i^;C^) n L^{m.^;C^), then Eq. 
a usual integral F{r) = j^Kj JJJ^:^ F{q)e~^''"^ d^q. For generic cases F,F e L^(M^;C^), Eqs 



1.6a 

7^ 



1.6b 



and 
to L' 



(1.7) 



(1.8) 



becomes 
still 



1.6b 



have precise meanings as continuous extensions of the Fourier transform from L^(M^; C^) n L^(IR'^; C'^) to L'^W^C^). 
(See Ref. |38], p. 104 for further technical explanations of the operation "^fff"-) In general, when "^££f" appears in 
an equality, it means that the left- and right-hand sides agree with possible exceptions on a subset Vo C M.^ of zero 
volume (i.e. JJJy^ d'^r = or JJJy^ d'^q = depending on context). | 

Proposition 1.2 For a bounded and open dielectric volume V and a finitely large susceptibility \x\ < +oo, the Born 
operator can be recast into B = {1 + x)I - X^^ - XI ■ L'^iV; C^) > L'^iV; C^). Here, I : L'^{V; C^) — > L'^{V; C^) is 
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the identity operator; T) : L'^{V; C^) — > L^(IR'^; C'^) is the "dipole radiation" operator^^ defined by 



{VE){r) 



(27r)3 



qx[q x E{q)] ^_,^., ^ ^.^^ ^^^^ ^ f f f ^^^y^.r ^ 3^^ ^ 



anrf 7 : L'^iV; C"^) — * L'^{W^-C-^) is given by 



{jE){r):= II T{r,r')E{r')d-'r' = 

Iv JJJV 



Q-ik\r-r'\ _ ^ 



h.2 -ik\r-r'\ . — , , 

r^ + VV^ , ^ Mr')dV. 



(1.9) 



Furthermore, we have the bound estimates ||P£J||^2(y.c3-) < ||£J||^2(-y.c3), and \\BE\\]^2(^y.^f^3-^ < (|1 + xl + Ixl + 
Ixl^^^V') ll-^lli^(V;C^); where Ry := min^gRa max^'gyuav |r' — r| is the minimal radius of all circumscribed spheres}^ 

Proof We point out that for any E e L^(V^;C^), we have the following Fourier inversion formulae for second order 
partial derivatives in the distributional sense 



(m- V)(v- V) 



E{r') 



dV = - 



1 



v47r|r-r'| ' (27r)3 



(..g)(..g)^(g) ^_,,.^3^^ V«,.e{e.,e„e.}. (1. 



10) 



We defer the rigorous der ivatio n of Eq. |1.10| to rS1.3.2[ 



As a specific case of Eq. 
identity (Eq. O) 



1.10 



1.9 



we may confirm the represenation of the "dipole radiation" operator V : L'^{V; C^) — > 
Consequently, we have the following estimate that derives from the Parseval-Plancherel 



1^E\\hiV;C^) < \\T^E\\h 



(R3;C3) 



(27r)3 



qx[qx E{q)] 



d^q < 



R3 



\E{q)\^d\^\\E\\l 



(V;C3)- 



Meanwhile, we have the estimate |j7£^||/,2(y.c3) < fc^i?y ||£^|li2(y.c3) (see SI. 3. 3 for a detailed proof). It is then evident 
that 



\BE\\l2^V;C^v, < |1 + x\\\E\\L2(vm + Ixlll^-E||i2(v.c3) + \xmE\\L2(y.c^) < (|1 + x\ + \x\ + \x\k^Rv) \\E\\l- 



(V;C3)- 



In other words, let the operator norm of the Born operator be defined as ||;S||i2(y.c3) := minjfo > 0|||,B£^||L2(y.c3) < 
&ll-E||L2(y.c3),V£; e ^2(^.^3)}^ then we have ||S||z,2(y.c3) < |1 + xl + \x\{^ + k^Rv) < +oo- The mapping ^ = (1 + 
x)/ — X2? — X7 : L?{V\ C"^) — > L'^{V; C'^) is thus a bounded linear operator, hence a continuous linear transformation. 



Remark Later on, we will also write ^ = 7 + 2? - / : L'^{V] C^) — > L'^{V; C^), where 

1 



{gE){r):= / // T{r,r')E{r')d-^r' - 



q[q ■ E{q)] 
3 |q 



IV (2^) 
so that the Born operator can be cast into B ~ I — xG ■ L'^{V; C^) — > L'^{V; C^). 



2 e-'i'-d^q 



Recall that the electric radiation at point r generated by an oscillating dipole located at point r' reads E(r,t) = (47reo) x V x 
([p]/|r — r'l), where [p] = p(t') is the dipole moment at retarded time t' = t — c~^\r — r'\. This resembles the formula x{'DE){r) = 
(47reo)~^V X V X JJJy P{r')\r — r'\~^ d'^r', hence the name "dipole radiation" operator. 

It can be verified that Ry is a well-defined finite number, for two reasons: (1) for every fixed r, the function |r — r'\ is continuous in r' , 
and thus can attain its maximum in a compact set VUdV C K"^, so that snp^i ^y^Jgy |r' — r\ = max^/g^usv 1^' — ^1 < +00; (2) As the 
supremum of a family of continuous functions parameterized by r', the function max^/g^ygy |r' — r| is lower semi-continuous with re- 



spect to r, and can attain its minimum when r ranges in any compact subset of M , so inf |^|<2 max^/^^^^jg^, \r' 
r| = min|^|<2max„,^ 



>^r'evuav 



|r' 



k'l ' 



|r' — r| is a well-defined finite number that is not greater than max^/g^ygv |r' — r| 
for any r g K''. In other words, the minimal radius of all circumscribed spheres Ry := minj,g]g3 raax^i ^y^gy \r' — r| = 
inf|^l<2max i^vudv l""'! ''^^^r' evudv l^"' ~ '''I is well-defined, and there exists at least one point ro S such that V C O(ro, Ry). The 
concept of Ry is different from the circumradius -Rcirc of a polyhedron, which is defined as the radius of the circumsphere that touches 
all the vertices of the polyhedron. If V has the shape of a polyhedron, we have Ry < -Rcirc- 
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Based on some detailed derivations in |S1.3.3| and |S1.3.4| we may obtain a refined estimate of operator norms as 



\G\\l^{V;C^) < 1 + min ■ 



3 

5^ 



2/3 



V > + mm ■ 



fc3 
47r 



d'r,— 

V OTT 



dV 



2/3 



and 



(1.11) 
(1.12) 



/2 /2 

\\5 + IWlHv-c^) > \krv = ^/csup{i? e M|0(ro,i?) C Tq e M^}. 
Here, the quantity ry represents the maximal radius of all inscribed spheres. | 

Corollary 1.1 The Born operator B ^ {I + x)I - - XI = I - xG ■ L'^iV;C^) > L^{V;C^) has a limit 

representation: 



1 



{BE){r) = {l + x)E{r) + xlim . 

6^0+ {2Try JJJrs |q|^ - (k - leY 



(1.13) 



Proof For every e > 0, and E e L?{V\'C'^), we point out that we have the Fourier inversion formula (see SI. 3. 2 for 
detailed proof): 



(m- V)(v- V) 



Airlr — r' 



■dV = - 



(27r)3 



(m • q){v ■ q)E{q) 



|q|2 - (fc-ze)2 



For any e > 0, we can define the approximate Born operator B^^'^ : L^{V; C^) — > L'^{V;C^) as 

1 



(1.14) 



{B^''>E){r) := {l + x)E{r) 



X-, 



(27r)3 

(1 + X)-E(r) - xV X V X 
1 



g X [g X E{q)] 3 

|q|2-(fc-i£)2 



47r|r — r' 



dV 



-(2^) 



-xV X V X 



^£;(r')d3r' 



47r r — r' 



where the equalities hold because of Eq. 1.14 It is thus clear that S^^^ : L^{V; C^) — > L^{V; C^) is a bounded linear 
operator for every £ > 0, and 



{B'^'^E){r) - iBE){r) = -xV x V 



_£;(r')[e-'('=-*^)l''-'''l - e"*'^!'-'''! + e\r - r'\] ^3^, 



47r|r — r' 



satisfies — i8||L2(y.c3) < Cfe;ve2 for some constant Ck-y only dependent on the wave number k and the shape of 

the scattering medium V, which confirms the representation as claimed. | 

Remark In Ref. ^3], A. R. Holt et al. have recast the Born equation with the dyadic Green function (1 + 
fc~2vV)[e~''^l''~'^ l/(47r|r — r'D], and have obtained the Fourier transform of the Born equation in dyadic form (Eq. 16 
in Ref. |3l]), which is mathematically equivalent to Eq. 1.13 | 



SI. 1.2. A Generalized Optical Theorem 



Here, we will state a critical identity (generalized optical theorem) satisfied by the Born operator B : L'^{V; C^) — > 
L'^{V;C^) and give two independent proofs of it. 

Theorem 1.1 (Generalized Optical Theorem) The Born operator B = I - xS ■ L'^iV; C^) — > L'^{V;C^) satis- 
fies the following functional relation: 



\x\^k' 



167r2 



n X 



E{r')e'''"-''' d^r' 



= Im 



Xk' 



V 
2 J 3, 



n X 



E* {r' d^r' 



dn 



\E{r)\'d'r 



— Im 



Xk' 



(BEYir) ■ E{r)d^r 



(1.15) 
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Proof (Configuration Space Method) We first give a proof of Eq. 1.15 by computations in the configuration 
space (r-space). 



We may momentarily consider F E C^{V;C^). Using integration by parts, we can verify that 



47r|r — r' 



(1.16) 



For r e V^, we have 

{BF){r) = (1 + x)F(r) - xV X V X 

= (l + x)F(r) + xV' 

= F(r) - xfc^ 



^dV 

47r|r — r'\ 

•—r' I 

— dV-xV 



47r|r — r 



_p(^')g-»fc|r-r'| ^^^^ 

47r|r — r 

' — r' I 

— dV-xV 



^ ^ dV 



_p(^')g-»fe|r-r'| ^^^^ 



47r|r — r'l 



47r|r — r'l 



which satisfies 



XV X V X {gF){r) = V X V X F(r) - {BF){r) = /c^jj-j^ _^ x)F{r) - {BF){r)] = xk^F{r) + xk^{QF){r); 



For r e \ y 5^)^ j^j^^g 

X(e-F)(r) = xV X V X 



^ dV 



47r|r ~ r'l 

'—r' I 

— dV + xV 



47r|r — r 

— r 

— dV + xV 



V 



V • 



47r|r — r 
which satisfies 

xV xV x{gF){r)=xk\gF){r). 
As QF e C^(M^; C^) for every F e C^iV; C^), the following computations are vaHd 

/// 

J J Jc 



^ \ , — d'^r' 

47r|r — r'l 

47r|r — r'l 



d'^r 



O(0,_R,A/) 
0(0, _Rm) 



'x{QF){r) 


• V X V X 


X(^i^)(r-) 


d^r- [[[ V X 


x{QF){r) 


■ V X 


X(^i^)(r-)" 








J J Jo{0.,Rm ) 









d> 



V • { ^x{QF){r)\ * X [xV X (^F)(r)] } d^r 



dO(0,RM) 



xV X (^F)(r)] • { [x(aF)(r)] * x nj-ld^ 



Here, the symbol n stands for the unit outward normal vector on the spherical surface dO{0, Rm)- Now, we may 
take the imaginary part of both sides of Eq. |1.17| to arrive at 



Im {F -BF, xk F) = Im <^ xk 



F{r)~{BF){r) ■F{r)d^r 



\x?k' 
167r2 



X 



F(r')e^^dV 



V 



where we have made use of the well-known fact that 

g-ife|7 — r'l g-ife|r| 



ikn-r' 



47r|r — r'l 47r|r| 



1 + 



1 

k\r\ 



F*{r')e i^dV 



where n 



— n ( — 

irp+^UMy 



Eventually, taking the limit _Rj\/ ^ +00, we have verified Eq. 1.15 under the assumption that F € C^{V;C^) C 

L2(1^;C3). 
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Now, for a generic square-integrable vector field E S L'^{V;C^), we may pick a sequence {Eg G {V;C^)\s = 
1, 2, . . .} that converges to E in L^-norm: linis^oo \\Es — -E||L2(y;C3) = 0. Now, we may take limits for the sequence 
of identities 



lm{E,~BE„xk^E,)v 



167r2 



\n\ = l 



£;,(r')e^'''"'^'d3r' 



dn, s = l,2. 



On the left-hand side, we have {Eg, Es)v ^ {E, E)v, as s oo. This is because a convergent sequence is uniformly 
bounded ||-Es||l2(-v:C3) < C* < +cx),s ~ 1,2,..., and the Cauchy-Schwarz inequality can be applied to the scalar 
product: 



\{E,,E,)v-(E,E)v\ 
In a similar vein, we have 



(E,-E,E 



s/V 



{E, E - E,)y\ <{C+ \\E\\L2(^y.c^^) \\E, - E\\l^. 



(V;C3) 



0. 



(BEs,Es)v ~ {BE,E)v = {BE, - BE,E,)v - {BE,E - E, 



sIV 



< \\^\\l^{V-C^) (C + \\E\\L2(y.(^3)) \\Es - E\\L2(y.. 



C3) 



0. 



These lead to Im {Eg — BE,, xk'^Es)v — > Ini {E — BE, xk'^E)v, as s cx). Meanwhile, for a bounded volume V, we 
may use the Cauchy-Schwarz inequality to conclude that the sequence 



is also uniformly bounded, and the pointwise convergence 



< Il-^s|li2(y.c3) 



dV < C 



dV 



[Es{r')- E{r')]e''''-'-'-' d^r' 



< \\Es — -E|l|2(y.c3) 



d> 



is ensured for every unit vector n satisfying \n\ — 1. Therefore, according to the dominated convergence theorem, we 
have 



\n\ = l 



n X 



E,{r')e'''"' ''' d^r' 



dn 



n X 



£;(r')e''^"'^'dV 



d fi, as s — > oo. 



Thus, we see that the generalized optical theorem can be continuously extended from C^{V; C^) to L^{V; C^), and 
we have 



lm{E - BE,xk^E)v = 



167r2 



n X 



£;(r')e''="'''d3r' 



dn, yEeL^{V;C^) 



just as claimed. | 



Proof (Momentum Space Method) We give another proof of Eq. 1.15 by computations in the momentum space 
(q-space), which is considerably more succinct. 
We directly aim to evaluate the scalar product by using Eq. |1.13| in Corollary |1.1| 



lia(E -BE,xk^E)v = Van lialE - BeE,xk'^E)v 



-Im < xk^ 



X lim 



1 



0+ (27r)3 



g X [g X E{q)] -^q-r 
\q\^-{k-ieY ^ 



E{r)d^r 



Now, using the Parseval-Plancherel identity (Eq. 1.81, we obtain 
lnY{E-BE,xk^E)v ^-^^^-r^l^ lim 



gx [gx i;*(g)] 



(2^)3 s^o+ JJJ^, (|g| -k- ie){\q\ + k + ie) 



E{q)d'q. 



With the vector identity E{q) • {g x [g x E*{q)]} — — [g x E{q)] ■ [q x E*{q)] — — |g x E{q)\'^, and the Plemelj jump 
relation 



Im lim 



-t-oo 



/(g) dg 

q — k ~ ie 
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we arrive at the generalized optical theorem 



(27r)3 



{k~ieY 167r2 



In other words, we have 
V X V X 

V 



£;*(r')sin(fc|r-r'|)^3^; 



47r|r — r' 



E{r)d^r = ln\{gE,E)^ 



167r2 



n X E{kn) 



n X E{kn) 



for every E e L^iV;C^). | 



an. 
an 

(1.18) 



Remark We note that the proof based on configuration space method has a direct physical interpretation. For 
E e C^{V U dV;C^), the integrand V • {[x{gE){r)]* x [xV x {gE){r)]} may be likened to the divergence of the 
Poynting vector in electrodynamics. K the boundary dV is a smooth surface with outward normal vector n, one may 
also directly confirm that [xV x {gE){r)] ■ {[x{gE){r)]* x n} = —n ■ {[x{gE){r)]* x [xV x {QE){r)]} is continuous 
across the boundary, for all vector fields E g C^{V U dV;C^) that do not necessarily vanish in a neighborhood of dV. 
In other words, at the dielectric boundary dV, the infiux of the "electromagnetic energy" always cancels the efflux, 
because the normal component of the "Poynting vector"^^ is continuous. As a net result, the dielectric boundary 
is neither a source of nor a drain on "electromagnetic energy". Therefore, the total "electromagnetic energy" input 
from the incident beam (cx lm{~BE,xk'^E)) 'wiH be dispatched into "Joule heating" inside the dielectric medium 
(cx lm{-E,xk'^E)) and the "scattered light" (cx x JJJ^ E{r')e'''"- ''' d^r'\'^ dn) that radiates to infinite 

distances \r\ oo. 

Meanwhile, the generalized optical theorem is not limited to light scattered by homogeneous media, as the proof 
based on the momentum space method allows some immediate generalizations to inhomogeneous and anisotropic 
media (see SI. 3. 6 for details). | 



SI. 1.3. The Uniqueness Theorem for Light Scattering 



For physically meaningful light scattering problems related to a homogeneous medium, we require that the suscep- 
tibility X satisfy Imx < in the Born equation (Eq. 1.13 in Corollary |1.1[ |. When x = Oi the Born operator trivializes 
to the identity operator. In the following, we will establish the uniqueness theorem for the physically meaningful and 
non-trivial susceptibilities Imx ^ 0; X 7^ 0- 

Theorem 1.2 ( Uniqu eness Theo rem for Light Scatterin g) For the Born operator B : L'^{V; C^) — > L'^{V; C^) 
(as defined in Eq. 1.13 in Corollary 1.1), the homogeneous equation \\BE\\i^-2^y.£3-^ — admits only a trivial solution 
\\E\\l'^(V:(C^) = if one of the following two conditions holds: 

(A) The dielectric medium is dissipative with Imx < 0; 

(B) The dielectric medium is non-dissipative with Imx = X 7^ boundary dV occupies zero volume 
Illdv d'^T' = 0,^^ and the exterior volume M.^ \ (V U dV) is connected. 



Proof For situation (A), we substitute the condition ||S£^||i2(y.c3) 
|1.1[ ), and obtain 



into the generalized optical theorem (Theorem 



167r2 



|n| = l 



n X 



E{r')e' 



dV 



dr2 = Im 



\E{r)\'^d^r 



(1.19) 



^"^ We put quotation marks on "electromagnetic energy" and "Poynting vector", because E ^ C^{V VJ dV\C^) may or may not satisfy the 
Helmholtz equation, thus is not necessarily a true electric field permitted by the Maxwell equations. 

Generally speaking, the condition fffgy d-'r = is not redundant, because there exist fractal structures that are bounded open sets 
whose boundaries have positive "volume" (in terms of Lebesgue measure), while \ (V U dV) remains connected. Let U = Um=i ^ 
[0,1] be an open set constructed inductively via the Smith- Volterra-Cantor procedure: start with an open interval Ui = (3/8,5/8) of 
length 1/4 in the middle of the closed interval [0, 1]; for m = 2, 3, ... , pick Um as the union of 2™~i open intervals, each of which has 
length 4~'" and lies in the middle of a connected component of [0, 1] \ {jpTi^ Uj. Then we have Jgjj dx = Jj^ dx = 1/2, and 
Cl{U) = [0,1]. The bounded open set V = (0,1) x (0,1) x U satisfies ///gv d^r = 1/2 and \ (V U dV) =R^\ [0, 1]^ is connected. 
Even a bounded "regularly open" set (which equals the interior of its own topological closure) may not be immune from such pathology 
— see Ref. [39] for a construction of a bounded "regularly open" set that has a boundary with positive "volume". 
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Now that the left-hand side of Eq. |1.19| is non-negative, and the right-hand side of Eg. |1.19 |is non-positive, the only 
possibility is that both sides vanish. As Imx 7^ 0, the vanishing right-hand side of Eq. 
Actually, this argument extends to be valid inside the following circular disk 



1.19 



implies ||£;|ji2(y.c3) = 0. 



IXl mm ■ 



dV 



2/3 



fc3 

47r 



d r > < Imv, Rv min max \r' — r\ 

reR3 r'eVUdV 



which resides in the upper half plane (Imx > 0). This is because the left-hand side of Eq. 1.19 is always bounded 
by {4TT)^^\x\'^k^ JJJy \E{r)\'^ d^r JJJy d^r according to the Cauchy-Schwarz inequality, and the bound estimates 
proportional to kRy and (fc^///y d"^r)^/^ are derived in 



Sl.3.4 



Moreover, we see that for Imx < 0, the Born operator B : L'^{V;C^) — > BL'^{V;C^) is coercive by the following 
lower bound estimate arising from the application of the Cauchy-Schwarz inequality to the generalized optical theorem 
(Theorem [rT|: 



\x\\\BE\\l2^v,c^)\\E\\l2^V;C^) > \lm[x{BE,E)v]\ > -Imx|l£;|li2 



(V:C3)- 



(1.20) 



The coercivity bound \\BE\\]^2(y.^^3-^ > {—lmx/\x\)\\E\\L^{V;C^) indicates the invertibility of the Born operator on 
its range BL'^{V;C^), and the inverse mapping B~^ : BL'^{V;C'^) — > L'^{V;C^) has bounded operator norm 



\B- 



< -|x|/Imx < +00. 



For situation (B), we point out that 



^{V;C^) — a-nd Theorem 1.1 together imply q x [q x E{q)] ~ 
for all |<7| — k. As we further note that E S C^(E'^;C'^) arises from the boundedness of second-order moments of 
E E L'^{V;C^), we see that q x [q x E{q)]/{\q\'^ — fc^) is bounded and continuous for all q E M.^. Consequently, we 
can use the dominated convergence theorem to prove that 



lim 

e-+0+ 



qx[qx E{q)] q x [q x E{q)] 



|g|2-(fc--ie)2 



d'q^O, 



X 



(27r)a 



g X [g X ^(g)] 3 
119 7 9 ^ y 



is a valid Fourier inversion formula for the corresponding term in the Born equation. Inside the dielectric volume V, 
we have 



iBE){r) ■.^{l + x)E{r)+x 



1 



(27r)3 



for some subset Vq C V with zero volume JJJy d^r — 0. Outside the dielectric volume V, we have 



V X V X 



47r|r 



dV = - 



(27r)3 



R3 



g X [g X E{q) 

7|2-fc2 



-''J"'d3g = 0, yr ER^MVUdVUV^) 



for some subset V^' C \ (1/ U dV) with zero volume J f Jy, d ■^r = 0, provided that \ ( U dV) is connected. This 
is because the vanishing scattering amplitudes in all directions 



f(n) := -^n x 



n X 



E{r')e'''"-'" d '^r 



imply a vanishing scattering field in the connected open set M'^ \ (F U dV) 



Esc{r) := xV X V X 



0, 



0,|n|==l 



r (^VUdV, 



according to an analytic continuation procedure (details deferred to Lemma 1.8 in SI. 3. 5 I. 
Now, patching the identities inside and outside the volume V, we obtain 



(1 + x) 



1 



(27r)3 



^(g)e'^'''^d3g-hx 



1 



(27r)3 



gx[g x^(g)] ^_.^.,^ ^ 



\{VoUdvuv^). 
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Recalling the condition JJJgy d^r = 0, we have ///y^ugyuvb d^r = as a consequence. Therefore, by performing 
Fourier transform on an identity that holds in r-space with the possible exception of a subset Vq U dV U Vq with zero 
volume, we may deduce 



(1.21) 



where JJJy,, d^q = 0. Now, after multiplying Eq. 1.21 by qx, we obtain 



(i + x)qxi;(q)-x|g| 



^ qxEjq) _^ w„^™3xT^,, 



0, yqeR^\ Vq" 



which implies q x E{q) = 0,Vq e \ {Vq U dO{0, \y/TTx\k)). Referring back to Eq. 
that X 7^ ~lj we then arrive at 



1.21 



and using the condition 



e{q) = o, yqeR''\iv^'udOio,\^TT^\k)) 

which implies ||£J||i2(y.c3) = (27r)~'^/^||£?||i2(ji3.c3) = 0, just as claimed. | 

Remark The uniqueness theorem in the x = — 1 case is much more complicated, yet still has important implications. 



This exceptional situation will be handled by Proposition 1.5 as well as Propositions 2.3 2.8 and 2.4 



SI. 2. Existence Theorem for Electromagnetic Scattering 



In 



Sl.l 



we established the uniqueness theorem that the solution to the homogeneous linear equation ||S£J|li2(y.c3) = 
is trivial under certain geometric and physical conditions. Now, in |S1.2| we will rely on this information to conclude 
that the solution to the Born equation BE — Ei^c must exist for any square-integrable incident field Ei^c S L^iV] C'^), 
when certain geometric and physical requirements are fulfilled. 

Had the Born operator B been a finite-dimensional square matrix, the uniqueness theorem would imply the existence 
theorem immediately. Now that B : LF'{V\€.^) — > L'^{V\€?) is a linear operator acting on an infinite-dimensional 
Hilbert space, the relation between uniqueness and existence could become subtle. In |S1.2.1| we will point out that 
in most cases, the Born operator B : LF'{V\'C^) — > L?'{V\ C^) is a special type of Fredholm operator that indeed has 
similar behavior as that of a finite-dimensional square matrix. With this information, we can proceed with proving 
the existence theorem of the Born equation in |S1.2.2| Later, in |S1.2.3] we will also show that the solution to the Born 
equation, whenever existent, is stable against small perturbations in experimental parameters (refractive index and 
shape of the dielectric, wavelength of the light, etc.). 



SI. 2.1. Fredholm Decomposition of the Born operator 



Recall that in Proposition 1.2 we decomposed the Born operator into i3 = (1 + x)I ~ ^ XI • (^5 C ) 
L2(1/;C3), where the "dipole radiation" operator V : L'^{y\<C?) — > 1?-{^\<C?) was defined by 

i:bE){v)-.= -^^jjjj-^^^^p^e-^'^-d\, MEiq)^ j j j^E{r)e^'^-^ d^r^q eM? . 

From this, we naturally have i -V : L'^{V; C^) — > L'^{R^;C^) as 

Now, we will study the operator / — 2? in further detail. 

Lemma 1.1 For every E G L'^(V;C^), we have the following relation: 

< ((/ - ■D)E, E)v < {E, E)v. 
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For X ^ (— CJO, —1], the operator [(1 + x)I ~ X^] ^ ■ L^i^'-, C^) > L'^{V; C^) is well-defined, with an estimate for the 

operator norm as: 

||[(1+X)/-X^]-'|U^(V;C3)= ^|l[X-'/+(/-^)]-'||L=(y;C.^) < I , . 

Ixl lx|dist(-x ^[0, 1]) 

Here, the distance from a complex number z €z C to a compact set C C is given by dist (z, W) min^gvF jz — wj. 
Proof Using the Parseval-Plancherel identity (Eg. |1.8| , we may compute that 

^ 2 

which immediately leads to the inequality 

^ «/ - i>,E..W ^ ^ IIIJ^^'^ <- J^, III l^i'>»'^''> - 

Therefore, we see that I — T) : L?{V\€?) — > L^(IR'^;C3) is a positive-semidefinite operator with operator norm 
||/ — 2'||l2(r3;C3) < 1, giving rise to an estimate of its spectrum as a{I — T>) C [0, 1]. Here, for an arbitrary bounded 
linear operator A : i5 — > acting on a Hilbert space Sj, its spectrum a{A) (see Ref. |30], Chap. 8) is a compact set 
specified by 

<j{A) := {A e C|(A/ — A) : — > has no bounded inverse}. 

Now, if X ^ (— OO) — l]j then — ^ cr(/ — 2?), and the inverse of x~^i + (-^ ~ ^) must be accordingly a bounded 
linear operator. We know that if the bounded linear mapping A : — > S) is also a Hermitian operator (satisfying 
{AE,E) e R,yE e ^j), then for every A ^ a{A), the identity ||(A/ - = [dist {X, a{A))]^'^ holds (see Ref. |iO] . 

p. 149, also Ref. |41], p. 272). In the current context, we have dist (— x^^, ^ T^)) > dist (— x^^: [0, 1]), thus leading 
to the estimate 

|||x-/ + (f-*)l-|U,v.., = i a.M(-,-M0.i|) - ' 

To bridge the gap between the uniqueness theorem and the existence theorem, we need to consider Fredholm 
operators (see Ref. |32], Chap. XI) on Hilbert spaces, which can be deemed as "well-behaved matrices of infinite 
dimension". 

Definition Formally, a bounded linear operator O : Sj — > acting on a Hilbert space is called a Fredholm operator 
if it satisfies three criteria: 

(1) The range ran (O) {OF\F e i^} is a closed (with respect to the L^-limit on f)) subspace of Sj, satisfying 
ran(C') = CI (ran (O));" 

(2) The kernel space ker(C') :— {F e Sj\OF = 0} is a finite-dimensional linear space dimker(C') < -|-oo; 

(3) The orthogonal complement of the range [ran(C')]-'- := {G E S^\{G,F)^ — 0,Vi^ G OSj} is a finite-dimensional 
linear space dim[ran (O)]^ < +oo. 

For a Fredholm operator O : Sj — > Sj, its index is given by ind (O) — diniker(C') — dim[ran (O)]^. | 

Proposition 1.3 If x ^ {-oo,-l], the Born operator B ^ (l + x)I - X'£^ - XI ■ L'^iV;C^) > L'^(y;C^) is a 

Fredholm operator with index zero ind (B) = 0. 



Here, we use "CI" to denote the topological closure in the Hilbert space f) with respect to the L-^-limit, the same notation as the 
topological closure with respect to the usual limit in as defined in Sl.O The exact meaning of "CI" is contextually clear. 
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Proof According to Lemma 1.1 when x ^ 1], the operator (1 + x)! ~ ■ L'^{V;C^) — > L'^{V;C^) is 

invertible, with ker[(l + X^^] = {0} and ran [(l + x)/-x2^] = L'^{V;C^). Thus, we have ind [(l + x)/-x2?] = 0. 



Meanwhile, the square-integrabiUty j[k; V] < +oo (as indicated in Eq. 1.5 1 of the convolution kernel T(r, r') qualifies 



7 : L {V; C ) — > L {V; C ) as a compact operator that transforms bounded subsets of L {V; C ) to relatively compact 
subsets of L'^{V;C^). 

Thus, for X ^ oo, —1], we have established the Born operator as a zero-index Fredholm operator perturbed by a 
compact operator. It is a fundamental result (see Ref. ^7\, p. 508 or Ref. pjj, p. 366) that compact perturbation turns a 
Fredholm operator into a Fredholm operator with the index intact. Hence, we have ind (B) = ind [(l+x)^~X^~X7] = 
ind [(1 + x)I — X^] = Oj whenever x ^ (— oo, — !]• | 

Remark Unlike 7 : L?{V\'C^) — * L^(y;C^), which is a compact operator so long as the volume F d M"^ is open 
and bounded, the linear transformation I — T) : L^{V; C'^) — > L^{V; C^) is not compact, even for spherical geometry 

V = 0{0,R),0 < R < +00. To prove this, we note that F^m(r) = Fi„^{\r\,9,(t)) = V[\r\^Yi,nid, (/))] satisfies the the 
following eigenequation 

- VV^ M ■ FUr')\r\%1^,ie',cj,')Y,,^^,{e,^) _ m^r) 

~ k,nhMoio..n, (2^+l)|rr+^ " 2^+1 ' 

thus providing a sequence of eigenvalues {£/{2£+ 1)\£ = 1,2, . . .} that accumulates at the point {1/2}. Meanwhile, 
the Riesz-Schauder theory of compact operators (see Ref. |33] or Ref. jU, pp. 283-284) dictates that the eigenvalues 
of a compact operator may only accumulate at the point {0}. In the light of this, for bounded and open volume 

V d R^, the operator I ~ V : L^{V; C^) — > L^{V; C^) is not (necessarily) compact, neither is the operator I — B = 
xiV - / + 7) : L^V; C^) — . L^{V; C^). 

Thus, as pointed out in Ref. [16], we usually cannot reduce the Born equation to the prototypic Fredholm integral 
equation (/ + JC)F — G where AC is a compact operator, and the theory for prototypic Fredholm integral equations 
are not directly applicable. Nonetheless, we have seen that the non-compact operator I — B — x{T^ ~ I does not 
hamper further analytic understanding: the knowledge of the spectrum a{I — V) C [0,1] makes it possible to use the 
Riesz-Fredholm theory for a detailed spectral analysis of the Born equation. | 



SI. 2. 2. The Existence Theorem for Light Scattering 

Now, we may consider the Born equation BE — {I — xG)^ — -^inc for a square-integrable incident field £^inc e 
L'^{V;C^), and assume that the dielectric susceptibility does not vanish x 7^ 0- We regard the solution to the Born 
equation as existent and well-behaved if the number 1/x belongs to the resolvent set p{Q) — C \ (t{G) of the bounded 
linear operator G- Here, the resolvent set has two equivalent definitions (see Ref. |30], Chap. 8, or Ref. jH], Chap. VIII) 

p{g) {A e C|(A/ - g) : L^{V; C^) — > L^{V; C^) has a continuous inverse}, 

and 

piG) ■■= {A e C| kcr(A/ -g) = {0}, ran (A/ - 0) = L\V- C^)}, 

where ker(A/ — g) also represents the totality of E that solves the eigenequation gE — XE. 

According to the spectral theory of bounded linear operators |40l Hi] , the spectrum a{g) — C \ p{g) can be 
decomposed into three disjoint subsets a{g) = <Jp{g) U adG) U ar{G) as follows: 

(i) The point spectrum (i.e. the set of eigenvalues) 

MG) - e C| ker(A/ -g)^ {0}}; 
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(ii) The continuous spectrum^° 

(TciG) ■■= {A e C| ker(A/ - G) = {0}, ran (A/ - G) ^ L''{V; C^), CI (ran {XI - G)) = L^{V; C^)}; 

(iii) The residual spectrum 

cTriG) ■■= {A e C| kcr(A/ -G) = {0}, CI (ran (A/ - G)) ^ L^{V; C^)}. 

Now, we will state the existence theorem that outlines the range of the resolvent set p{G), and provide bound 
estimates for ||i2(y.c3) = xG)^^\\l^{V:C^)i^/x G p{G), as far as we can. Here, the upper bounds of 

the operator norms for ||(/ — xG)~^\\l^(V;C^) help provide an estimate of the condition number k{I — xG) '■= \\I — 
xG\\L^{V;C^)\\{i ~ xG)^^\\l^{V;C^)j the latter of which is useful for the error analysis in the finite element approach to 
light scattering |16) . 

Theorem 1.3 (Existence Theorem for Light Scattering) For the Born equation BE = (/ — xG)E = Ei^^, 
where the dielectric susceptibility does not vanish X 7^ 0; ^f^^ solution exists in the following sense: 

(A) If the dielectric medium is dissipative with Imx < 0, then 1/x G p{G), and \\{I — xG)^^\\l'^(V;C^) ^ ^Ixl/ImX; 

(B) If the dielectric medium is non-dissipative with x > ~1, Us boundary dV occupies zero volume JJJgy d^r — 0, 
and M.^ \{V U dV) is connected, then 1/x G p{G); 

(C) If the dielectric medium satisfies \x\ < ^/\\G\\l^{V;C^)! then 1/x € p{G) and ||(/ — xG)~^\\l^{V;C^) ^ (1 ~ 

\x\\\G\\l^{v;c^))^^; 

(D) If the dielectric medium satisfies |l7|lL2(y.c3) < |1 + x"""^! ~ 1; then 1/x € piG) and ||(/ — xG)~^\\l^(V;C^) ^ 
(|1 + Xl - Ixl - lxlll7lU2(i/;C3))"\- 

(E) If the dielectric medium satisfies ||7||L2(y;C3) < dist (— x""'^, [0, 1]), then 1/x G p{G) and \\{I — xG)~^\\l^(v-C^) ^ 
Ixl-^dist (-x-\ [0, 1]) - ||7|U2(v'^C3)]-^ ' 



Proof First of all, we point out that a direct consequence of Proposition 1.3 is the set inclusion relation C \ [— 1, 0] C 
p{G) U <Tp{G)- Here, if 1/x G C \ [—1,0], then B — I — xG is a Predholm operator with index zero md{B) = 
ind (/ — xG) = 0. On one hand, if we have dimker(/ — xG) — (i.e. if the uniqueness theorem holds), then we may 
deduce ran(/ — x^) = L^(F; C'^) from the index equation dim[ran (/ — x^)]^ = dimker(/— X^) — ind (/ — x^) = and 
the fact that the range ran (I — xG) of the Fredholm operator I — xG is closed. In other words, when 1/x G C\[— 1,0], 
the uniqueness theorem dimker(/ — x^) = implies the existence theorem 1/x G p{G)- On the other hand, if we have 
< dimker(/ — xG) < +oo instead, then obviously 1/x G cTp{G) is an eigenvalue of the operator G that has finite 
multiplicity, i.e. the eigenvalue has a finite-dimensional eigenspace subo rdin ate to it. 

In situation (A), we quote from the uniqueness theorem (Theorem 1.2 I that dimker(/ — xG) = for whatever 
bounded an d ope n volume V with Imx < 0- Therefore, we have 1/x G p{G) for Imx < 0- Accordingly, the coercivity 
bound (Eq. 1.201 leads us to \\{I — xG)~^\\l^(V;C^) < — Ixl/I^ix- Furthermore, according to Corollaries 
|S1.3.4| we may conclude that if x satisfies the relation 

r \ 2/3 i,3 /■/■/■ ] 

d^r } < Imx, 



1.2 



and 



1.3 




then we have 1/x G p{G) as well as the norm estimate 

iia-xffr'ik,v.«<J^(i-a^,„i„|5.« 




Here, the "point spectrum" ap and "continuous spectrum" ctc do not necessarily correspond to any geometric "discreteness" and "continu- 
ity" in the language of physical/chemical spectroscopy. The point spectrum o-p of a bounded operator may form a geometric continuum 
(see Ref. HS], p. 194 or Ref [IB], p. 83), whereas the continuous spectrum ctc of a bounded operator may well be isolated points. 
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if X satisfies the inequality 



Ixl^ 1 + niin ■ 



3 



2/3 



,3V2kRv } < iRexl, 



then we have 1/x € p{G) as well as the norm estimate 



ll(/ - xG)-'\\L^iV:C^) < 1 - ^ 1 + min . 



Rexl 



iRcxI 



3 



2/3 



In situation (B), we quote from the uniqueness theorem (Theorem 1.2 I that dimker(/ — xG) = if the exterior 
volume IR'^ \ U dV) is connected and the boundary occupies zero volume JJJgy d^r = 0, and thus we have 

1/x € p{G) according to the theory of Fredholm operators. 
In situation (C), the inverse of the Born operator 

C30 C30 

= (i xG)-' = Y^ixGY = i + Y^ixGY 



is a well-defined linear operator with finite operator norm ||S^^||i2(y.c3-) < 1 + J27Li\\{xG)'^\\l^(V;C^) < (1 — 
lxlll^llL2(y:C3))~^- We have 1/x G p{G) without further topological constraints on the shape V. This shows that for 
optically soft particl es sat isfyi ng |x | < 1/||^||l2(i/.c3), the light scattering problem is always well-conditioned. Here, 
the relations in Eqs. 1.11 and 1.12 can provide a practical estimate for the range of |x| fulfilling the optical softness 
criterion. Meanwhile, this also gives an error estimate for the first-order^^ Born approximation E Ki Ei^c as 



\E — £!inc|lL2(V;C3) < 



lxlll^llL^(V;C3)||-^inc||L^(V;C3) 
1 - \x\\\G\\l'^(V;C^) 



More generally, we may truncate the Born series B ^ ^ I + J^^iixG)^ at the m-th power to obtain the Born 
approximation at (m -I- l)-st order, with an error estimate 



i+J2{xGy 



< 



ixrwGi 



L2(y;C3) 



|£'inc||L2(y.c3) 



1 - \x\\\G\\mV;C^) 



In situation (D), we may deduce from |1 + xl ~ Ixl > IxII|7||l2(v';C3) > and ||2?||i2(-y.c3) < 1 the following estimate 



1 + X 



-V 



< 1 



L2(V;C3) 



and 



Therefore, we have 



L2(y;C3) 



< 



< 



|i + xl 



1 + X 



I- 



-V 



B 



1 + X 



1 + X 



1 + X 



-V 



1 + X 



1 + X 



-V 



L2(V;C3) 1 













1 - 






X 
1+X 


7 Ll2(V;C3) 




L2(V;C3) 





1+X 



|i + xl 













['-('- 


X 
1+X 


r 


X 
1+X 


7 U2(y:C3) 



|1 + Xl - Ixl - lxlll7lU2(y;C3) 



The nomenclature for the order of Born approximation is consistent with the convention in quantum scattering problems. (See Ref. [47,). 
We also note that the convergence condition for Born series has been described as "difBcult to establish" in Ref. [lOj, p. 710. Our effort 
here has been devoted to providing a sufficient condition for the convergence of Born series with a computable bound on x- 
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Thus, for fixed so long as the size of the particle is sufficiently small, the condition ||7||l2(v';C3) < |1 + I ~ 1 can 
always be satisfied, and the light scattering problem becomes well-conditioned irrespective of the topology of V. 
In situation (E), we note that when ||[(1 + x)-^ ~ X^]^^llL2(v;C3)||7llL2(y.c3) < 1, we may invert 



i-xG^[{i + x)i - - [(1 + x)i - x-Dr^i} 



to obtain the estimate 

\\{i-xQ)-' 



L2(y;C3) 



< 



\[{i + x)i-xV]-'\ 



L2(V;C3) 



< 



1 - ||[(1 + x)i - X^]"'IU^(v-;C3)||7l|L2(y;C3) lx|[dist (^x^i, [0, 1]) - Mmv-^^)] 



In sum, we see that for any bounded and open volume the Born equation BE = Einc G L'^{V;C^) is well- 
conditioned at least for the following range of susceptibilities: 

• Im X < 0; or 

• II^IIl2(v;C3)|xI < 1; or 



|7||l2(V;C3) < max 



1 + ^ 



l,dist (-i,[0,l])}; or 



If we further have JJjgy d^r = and M'^ \ (1/ U dV) is connected, then the solvable range also includes x G 
(-1,+^). I 

The properties of Fredholm operators ensure that C \ [—1,0] C p{G) U (Tp{G), it would then be natural to ask the 
status of a number A G [—1, 0] in the decomposition C = a-{G) U p{Q) = o-p{G) U adG) U ar{G) U p{G)- 

Proposition 1.4 (Absence of Residual Spectrum) So long as the volume V is bounded and open, the residual 
spectrum of Q is empty, i.e. ar{G) = 0- 

Proof We have the following transpose identity 



{F,{XI-g)E)v 
(F.XE) ^ 



V ■ 



= {E*,XF 



(27r)3 
1 



[q-F*{q)][q-Eiq)]^, 



B3 



(27r)3 
E*,{Xi -g)F*)v. 



[q-E{q)][q-F*{q)] . 



d'q 
d^q 



F*{r) ■ 
E{r') 



f{r,r')E{r')d^r' 
t{r,r')F*{r)d^r 



d^r 
dV 



(1.22) 



In the above derivation, we have exploited the reciprocal symmetry f (r,r') — f (r',r) and interchanged the integrals 
with respect to d and d ^r' . The interchange of the two volume integrals can be justified by the absolute integrability 
of the iterated integrals (which derives from the Hilbert-Schmidt bound in Eq. |1.5[ l and an application of the the Fubini 
theorem (see Ref. [31], p. 148 or Ref. |29], p. 25). 

Now, supp ose th at the uniqueness theorem holds, i.e. ker(A/ — G) ^ {0}. We point out that with the transpose 
identity (Eq. |l.22| , we may deduce that CI (ran (A/ -^)) = - Q)L'^{V;C?)) ^ L'^{V;C.^), which shows that 

A ^ <Jr{G)- If the opposite is true, we will be able to find a non-zero member of L'^^V;^?) that is orthogonal to all 
the elements of (A/ - G)L'^{V; C^), which means that for some F 0, we have (F, (A/ - g)E) = {E* , (A/ - G)F*) = 
0,VF e L'^{V;C^). This immediately entails (AJ- ^)F* = 0. According to the assumption that ker(A/ - ^) = {0}, 
we have F* = as well. The contradiction means that we must have CI (ran {XI — Q)) — L^{V; C^). | 

Proposition 1.5 So long as the volume V is bounded and open, we have —1 G CTpiG) as an eigenvalue of infinite 
multiplicity dimker(/ + Q) — +oo, and G o^piG) U crc{G) being outside the resolvent set p{G)- 
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Proof Take any / G C^(F;C), then it follows that 

V7(r')e-*'=l'-'''l 



((/ + a)V/)(r) = V X V X 



Anlr — r' 



d-V = -V X 



V' X 



V'/(r')e 



f\p-ik\r-r'\ 



47r r — r' 



d>' = 0, 



where one can use the Gauss theorem to convert the last volume integral into a surface integral with vanishing 
integrand. This proves that dimker(/ + Q) = +00 and —1 e crp{G)- 

If we assume that S p{G), then V — I = Q ~- j will become a Fredholm operator, satisfying dimker(2? — I) < +00, 
which contradicts the fact that 



{(V~I)VxF){r) ^ V 



V • 



47r r — r'\ 



= -V 



V X F(r') 
47r|r — r'l 



dV 



= 0, VF e C5^(y;C3), 



i.e. dimker(I?— /) +00. As the residual spectrum is empty <Jr{Q) = 0, we then must have G crp(5)Uac(5)U(Tr(0) = 

Remark While the eigenvalue —1 e of infinite multiplicity dimker(/ + Q) — +00 seems to suggest that the 

light scattering problem becomes seriously ill-conditioned for x = ~li we will show, in Propositions |2.8| and |2.4| that 
such a concern about the case of x = — 1 is physically irrelevant. | 

Proposition 1.6 IfW" \ {V \^ dV) is connected and JJJgy d^r = 0, then (-1,0] C p(^) U adG). 



Proof For — 1 < A < 0, the uniqueness theorem (Theorem |1.2| situation (B)) implies that A is not an eigenvalue, so 
it must belong to the set p{Q) U (Jc{G) U <Tr{G) — p{G) U (Tc{G)- 

For A = 0, we can still show that |l^£^||L2(y.c3) — implies ||£J||i2(y.c3) = 0, so ^ '^piG)- The underlying 
rationale is that Eq. 1.18 in Theorem 1.1 ensures that the relation \\G E\\ 1^2 .^^ 3-) — leads us to E{q) — 0,V|q| = k. 



Accordingly, we may adapt the proof of the uniqueness theorem (Theorem 1.2 situation (B)) to show that both 

q X [q X E{q)] 



and 



E{q) 



q X E{q) - \q 



fc2 



0, Vq e W \ V^' 



^ qy-Ejq) _^ w„^m3\TA" 



= 0, Vq e \ 14 







hold, where JJJy,, d'^q^O. Therefore, we may proceed to conclude that ||£J||i2(y.c3-) — {2n) '^^^\\E\\i^2(g^3.c3-^ = 0. | 



SI. 2. 3. Stable Dependence of the Solution on Experimental Parameters 

In Theorem |1.3| of [81.2.21 we specified the conditions that ensure the existence of a unique solution to the Born 
equation BE = (/ — xG)E — Einc, for a square-integrable input £^inc € L^{V; C^). In the meantime, we have already 
provided a proof of stable response of the solution with respect to small changes in the incident field Ei^c (recall the 
definition of the resolvent set p{G) := {A G C|(^ — A/)~^ : L'^{V;C^) — > L'^{V;C^) is a continuous linear mapping}). 
Now we will proceed to specify some further stability results for the solution to the Born equation. 

Proposition 1.7 (Complex- Analytic Dependence on Susceptibility) The solution E to the Born equation 
{I — xG)E = E\ac is complex- analytic with respect to x = Rex + zimx for x G {0} U {1/A|A G piG)}- 

Proof In a neighborhood of a non- vanishing susceptibility xo G {V-^l^ ^ PiG)}\{0}, the statement in the proposition 
is a direct consequence of the analytic properties of the resolvent {G — A/)^^ for A = 1/x G p{G)- Explicitly, so long 
as Xo s-nd 

1 1 

X Xo 



Xo 



-I-G 



< 1, 



(1.23) 
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the following operator- valued power series 

-1 



1 /I 



X \X 



-i-g 



1 




X 








X 





1 



I-Q 



I 



Xo 



-I-g 



1 / 1 



X VXo 



-I-g 



1 1 

X. Xq 



Xo 



-I-g 



E 

m=0 











.(xo 






-1 






Vxo / 





is meaningful, because of the following bound estimate 



E 

m=0 



(xo 

















^ E 

L2(V;C3) 

oo 

^ E 

m=0 













(-^- 


.Xo 




Vxo 


1 










(xo^ 


Xo 







L2(y;C3) 



L2(y:C3) 













1 - 


1 L 








X Xo 

















Here, we have used the convention that — I for an arbitrary operator A. Fi'om this power series expansion, we 
see that the solution E = {I — x^')~^-E^inc is complex-analytic with respect to x in a neighborhood oi xo specified 
by Eq. |1.23| In a neighborhood of xo = 0, the operator- valued Taylor expansion follows directly from the argument 



for situation (C) in Theorem 1.3 | 



Proposition 1.8 (Continuous Dependence on Wave Length) The solution E to the Born equation as defined 
in Eq. 1.13 is a continuous function with respect to the wave number k — 27r/A„a„g G (0,+cxd). 



Proof As \k-k' 



0, the difference between the corresponding Born operators 

_E;(r')[e-^'=>-'-'l - g-**^!'-'''! - i{k - k')\r - r'\ 



-XV X V X 



3„' 



dV 



satisfies \\B[k'] — B[k]\\L2(^Y.Q3-) = 0{\k' — fcp) 0. We accordingly have the estimate WB^J'^ — Sj^^^j^||i2(y.c3) < 
\\B[^}]\\L^v-m\\^lk'] -%]||L2(y;C3)ll^[fef||L2(y.c3) as \k' -k\^0. | 



To discuss the shape-dependence of the Born equation, we will explicitly append a subscript to denote the volume 
under consideration. For instance, we will use ByE = (/ — x^y)-E' = -Emc to denote the Born equation 



(l + x)-E(r)-xV X V X 



E{r')e 



ik\r—r | 



47r|r 



dV = £;ine(r), rev. 



Proposition 1.9 (Continuous Dependence on Shape Distortions) Let x o, fixed susceptibility satisfying 
Imx < 0, the volume V be a bounded open subset of M.^ , {V(^s) <^ ^\ IlloVf ^ d'^r = 0,s = 1,2,...} be a sequence 

of bounded open subsets satisfying lim^^oo JJJv\(v^ )uay( )) '^^'^ — 0, and E; E^g^, s — 1,2, . . . be the solutions to the 

respective Born equations {BvE){r) = Einc{r),r G V; {Bv^^-^E(^g)){r) — Einc{r),r e V(^s) C V", s = 1, 2, . . . , then we 
have the error estimate for the effects of shape distortion 

ll-E^- -E(s)||l2(v/,^,,.c3) < \\By^J\L^(Vf,y,c^)\x\\\gv\{v^,)Udv^,))E\\L^v^,y,c^) < -j^ll^y\(V(.)uaV(,))^IU2(y,^);d?V24) 
In particular, we have 

lim |l£;-£;(,)|U2(v c3) = 0. (1.25) 

Proof We may compare the two equations 

(%,-E(.))(r) = £;(,)(r)-x(^y(.,-E(,))(r) = Ei^,{r), r e 

iBv,^^E){r) = E{r)-x{gv,^,E)ir) = [E,^,ir) + x{gv\iv,^,uav,^,)E){r)], reV^s) 
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to arrive at Eq. |1.24[ 

By restricting a given square-integrable vector field E — {I — xQv 
of subsets {V(s) C ^l/J/gy^j d'^r — 0, s — 1,2,...} satisfying linis^, 
use the absolute integrability to deduce that linis^oo \\E 
ators {^n(V(.,uay(.,) : L\V \ {V^,-^ \J dV^^^yX') —> L\V 
erator norm: sup^g^i 2,...} ll^n(V(aiU9V(.i) IU"(^\(V(.iUgV(ai); g)^ -t.2(V:C3) 
lim 



L^(1/;C'^) to a sequence 
d^r = 0, we may 



L2(y\(y(,)U9y(,));C3) 

3Mo 



n(V(,)ua\/(,)) 

= 0. As the sequence of oper- 
1,2,...} is uniformly bounded in op- 
< +00, we may thus conclude that 



3) — 0, which confirms Eq. 
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Remark The continuous dependence of the scattering field on the shape distortions of the scattering medium has 
both experimental and theoretical implications. 

Experimentally speaking, the shape of the dielectric scattering medium may not be known in exact detail, due to 
manufacturing imperfections, surface defects, thermodynamic fiuctuations, among other factors. Here, Proposition [L9 
ensures that incomplete knowledge of the dielectric shape does not practically undermine the reliability of light 
scattering models based on idealized geometry. 

Theoretically speaking, the effectiveness of an algorithm for the solution of light scattering typically hinges on the 



smoothness of the dielectric boundary. The stability result proved in Proposition 1.9 allows us to treat the problem 
of light scattering on certain shapes with non-smooth boundaries (say, polyhedral shaped dielectrics) as the limiting 
case for light scattering on dielectrics with smooth boundary surfaces, by a procedure of "shape approximation from 
within". I 



SI. 3. Additional Comments and Details 

In this subsection, we supply detailed quantitative arguments for certain technical claims in the foregoing discussions. 
We gather these comments and details here, as they may require highly specialized techniques, may involve extensive 
computations, or may form a topical digression from our major interest in homogeneous dielectric media. 



SI. 3.1. Born Equation in the Discrete Dipole Approximation IVlethod for Light Scattering 

we defined the Born operator B : L^{V; C^) — > L^{V; C^) by interpreting the partial derivatives on the 



In 



Sl.0.2 



right-hand side of the following equation 

{BE){r) (1 + x)E{r) - xV x V x 



47r|r — r'\ 



dV, r&V 



in the distributional sense. 

In the literature concerning numerical solutions of the light scattering problem, the Born equation is usually 
formulated via the digitized Green function approach (also known as the discrete dipole approximation) as follows 
[I5l[l6l|32ll33ll34]|35l|36l|33: 



{B'E){r) := E{r) - x 



E{r) 



where the Hessian matrix reads 

g-ifc|i — r'\ y(j,2g-ife|7 — r'l 

VV- 



47r r — r' 



47r r — r' 



k\r — r'l fc2|r — r'P 



lim 

e^0+ 



r- 



V\0{r,e) 



-ik\r~r'\ 

VV^ -•£;(r')dV( 

47r r - r' 



1.26) 



-1 + 



3i 



k\r 



r.'|2 



with ffT = (r - r')(r - r')'- /\r - r'Y (cf. Eq. |l.4|in |S1.0.2 I. 

It can be verified that the above two definitions of the Born operator agree with each other when E e C^{V\ C"^), 
that is, B = B' : C^{V;C?) — > C°°{V;C?) n L'^{V\'C^). To show that these two definitions agree for all square- 
integrable inputs E e L'^{V;C?), that is, to show that B = B' : L'^{V]C^) — > L'^{V;'C^), it would suffice to give a 
direct proof that B' : L^{V; C^) — > L^{V', C^) defines a continuous linear mapping, as demonstrated below. 
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Proposition 1.10 The linear mapping B' = I — x{Q^ + Q1+Q2 + Qz) ■ L^iV, C^) — ^ -^^(^5 C^) continuous, where 

{g,E){r) := ///^ %Z7'\ ' ' ^^^'^ ^ ^ lll^t,{ry)E{r') d'r', 
{g2E){r) -'//X 4^1^-^'!^ ~ ^^^^^ £;(rO d^r' ^ j j j^V^ir y)E{r') , 

ig3E){r) := - lim /// ^^^1^ _ 3rfT) £;(r') d V = lim /// f 3(r, r')£;(r') d V. 

Proof We claim that there exist four finite numbers Gm < +00, m — 0,1,2,3 such that \\gmE\\L2(y.c3-^ < 
Gm\\E\\]^2(^Y.£a), m — 0, 1, 2, 3 for all E £ L^{V; C^). Once this can be shown, we can further arrive at ||S'£^||L2(y;C3) < 
[1 + \x\{Go + G1 + G2 + G3)]\\E\\mv-c-^),yE e L^V;C^). 
Here, it is obvious that one can choose Gq = 1/3 < +00. 

To show that the constant Gi + G2 < +00, we need the Young inequality (see Ref. |25], p. 271) for convolutions 
Hr)^III^s /(r-')5(r-r')dV: 



In the current context, we may pick any u G {e^. By, e^}, and apply the Young inequality to 

{u-E{r), r€V f e-»'=IH |r|-™, \r\ <2ui&^r- yevuavW ~ r"\ 

[0, riV ^^""^ \0, |r| >2max,,,w'eyuay|r'-r"| ' 

so as to confirm that all the matrix elements of Yra{T^ r'),m = 1,2 contribute to a continuous linear mapping. 

To show that G3 < +00, we need the Calderon-Zygmund theory in harmonic analysis that deals with singular 
integral operators US]. Specifically, the convolution kernel K{r,r') in question (i.e. any matrix element of T3{r,r')) 
qualifies as a singular integral operator of Calderon-Zygmund type (see Ref. |l9], p. 293, also Ref. [25], p. 39) — for 
some finite positive constant A < +00, the convolution kernel K{r,r'),r ^ r' satisfies the following inequalities: 

\Kyy)-K{r2y)\ < if|n-r-,|<^:^, 

|if(r,r;)-X(r,r^)| < ^l^i^ if \r[ - r',\ < ^^-^ , (1.27) 

where c? = 3 is the dimensionality of the space under consideration. Furthermore, the Calderon-Zygmund kernels 
K{r,r') that arise from any one of the matrix elements of T3{r,r') also satisfy the "cancellation condition" (see 
Ref. Iig, p. 291 and pp. 305-306, also Ref. [25], p. 39) 

K{r, r') d ^r' = 0, whenever < e < < +00. 

e<\r-r'\<N 

Here, for off-diagonal elements of T^ir, r'), the cancellation results from reflection symmetry, which leads to 

^^^XrdXdFdZ^O, etc. (1.28) 

where f/(|i2|), |i2| ~ \r — r'\ = \JX'^ + Y'^ + Z'^ is a generic spherically symmetric function; for the diagonal elements 
of T3{r,r'), the cancellation results from rotation symmetry, i.e. we have 



X^dXdYdZ = - 1 1 1 5(|H|)dXdrdZ, etc. (1.29) 
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It is a standard result in harmonic analysis that a Calderon-Zygmund kernel satisfying the cancellation condi- 
tion induces a bounded linear operator from L^(IR'^;C'^) to L^(]R^;C^), which necessarily specializes to a continu- 
ous mapping from L'^{V;C'^) to L'^{V;C^). This shows that there exists a finite constant G3 < -foo, such that 

\\g3E\\mv;C^) < G3\\E\\l2^v;C-) for all E e L\V;C^). | 

In the ligh t of thi s, we can say that the Born operator B : L'^{V;C^) — > L'^{V;C^) defined by distributional 
(and accordingly the Born operator B : L'^{V;C^) — > L'^{V;C^) defined by Fourier transforms 



derivatives in 



Sl.0.2 



in SI. 1.1 1 is mathematically equivalent to the formulation of discrete dipole approxi mation (i. e. dig itized Green 
function approach) B' : L'^{V;C'^) — > L'^{V;C'^) in the literature on light scattering. In 



Sl.l 



and 



S1.2 



we were not 



using the matrix representation of the convolution kernel f m('"j r'),m = 1, 2, 3 as in B' : L?{V\ C'^) — * L'^{V; C^) for 
further analysis, because bound estimates based on Gm, m = 1, 2, 3 are quantitatively less transparent than the bound 



estimates derived from the distributional derivatives in Sl.0.2 (and accordingly the Fourier transforms in SI. 1.1 1. 

Nonetheless, the Calderon-Zygmund theory has the capability of handling non-convolution kernels K{r, r') that do 
not depend solely on the displacement r — r' (see Ref. |39]j Chap. VII). We mention, in advance, that the general 
Calderon-Zygmund theory plays an indispensable role in the proof of the "optical resonance theorem" — a critical 
result concerning light scattering in dielectric media with smooth boundary (Theorem 2.1 in S2.2I. 



SI. 3. 2. Rigorous Derivations of Some Fourier Inversion Formulae 



The major arguments in |Sl.l.l] rely on some Fourier inversion formulae, which we now justify in detail. 
Lemma 1.2 The following Fourier inversion formulae hold for all E G Lp'iV; C^); 



{u-V){v-V) 



E{r') 
AttW — r' 



■dV 



(27r)3 



{u ■ q){v ■ q)E{q) 



where the partial derivatives are interpreted in the distributional sense. 



Proof First, we point out that a convolution with the Newtonian potential (47r|r — r'\) ^ in r-space can be rendered 
as a multiplication of |q|~^ in q-space 



{UF){r) = 



47r r — r' 



(27r)= 



F{q) 



d^q,re for F{q) := F{r)e"''' d V 



so long as F e iS(M'^; C'^) (see Lemma 1(a) on p. 117 of Ref. |25]). Here, the Schwartz space is defined by 

5(M3;C3) := \f e C°°(R^;C^) sup \r''D''F{r)\ < +oo,\/pi,v 

where r*^ is a monomial x^'^y^^z^' of degree i^x + l^y + fJ'z — |/^|- In simple terms, the Schwartz space 5(M'^; C"^) forms 
the totality of infinitely differentiable vector fields with rapidly decaying amplitudes at infinity. If F e 5(Ili"^; C'^), 
then F e S(M.^;C^), and vice versa (Corollary 2.2.15 in Ref. It is clear from the definition that C^(y;C^) C 

5(M3;C3). 

Then, we note that using integration by parts, one can justify that AfF £ C^(]R^;C^) for all F e 5(]R'^;C'^). 
Meanwhile, F S iS(M^; C^) implies the absolute convergence of the following integrals: 



iu-q)Fiq)\ 



d^q < +00, 



{u-q){vq)F{q)\ 



and hence the continuity (with respect to r e M.^) of the corresponding Fourier integrals 

{u- q){v ■ q)F{q) 



d^q<+oo, \/u,v e {ex,ey,e:,} 



(7x. g)F(g) ^„,^.,^3^ ^ G°(M3;C3), 



All this information combined allows us to take derivatives under the integral sign, according to the Fubini theorem 
and the Newton-Leibniz formula, thus leading to the following result for all F S C^{V; C"^) C 5(M'^; C'^) 



(I?„,„F)(r) (M-V)(-y-V) 



Fjr') 



3^' 



dV 



"(27r) 



(m • q){v ■ q)F{q) 



e "'■''d^q, Vm,'U e {e^,ey,ej. 

(1.30) 



27 



We recall that C^{V;C^) is dense in L^(V;C^). For a generic square-integrable vector field E G L^(F;C^), 
let {Es € C^{V;C^)\s = 1,2,...} be a sequence that converges to £■ S L^(y;C^) in L^-norm, we then have the 
L^-convergence (mean square convergence) of the Fourier inversion formulae: 



A.(r) 



1 



(27r)3 



(u- q){v ■ q)Esiq) 



1 



(27r)3 



{u-q){vq)E{q) ^_,^.,^,^ l\ ^ 



as is evident from the bound estimate of the residual error based on Parse val-Plancherel identity (Eq. 1.7 1 
1 



{u-q){vq)[EM)'E{q)] 



d-^r < 



1 



(2^) 



\EM)~E{q)\''^^r=\\Es-E\\l 

Meanwhile, in the r-space, we also have WV^^^Es - Vu^vEW^^^^ci) - X]|m|=2 WD'^J^iEs - £;)|1|2(r3.c3) = ll-^s - 
E\W2(y.£3'^ 0. Therefore, the Fourier inversion formula (Eq. 1.301 is preserved in the procedure of taking L^-limits, 
and thus extends to all E S L^{V; C^), just as claimed. | 



Lemma 1.3 We have the Fourier inversion formula: 
_E;(r/)e-Hfc-*£)k-'-'l , 1 



(w-V)(i;-V) , , , ^ , 

'III 4,^1^ _ J./ 

for every e > and E G L'^iV; C^). 



■dV 



(27r)3 



{u- q){v ■ q)Eiq) 



\q\^-{k-iey 



(1.31) 



Proof To prove Eq. 1.31 we may first consider F G C^{V;C^). In this case, owing to the exponential decay 
factor e"^'''"'' ' in the convolution kernel and the vanishing modulus |i^(r)| at the boundary dV, the convolution 
JJJy{4.TT\r - r'|)-iF(r')e-*('=-*^)l'-'''ld3r' yields a vector field of type L\R^;C^) n C^{R^;C^). Thus, we may 
evaluate the Fourier transform of the convolution via an absolutely convergent integral and apply the Fubini theorem 
to interchange the order of integrations: 



V 



F(r')e^'''''dV 



V 



47r|r — r'\ 

and obtain the Fourier inversion formula in the form of a usual integral: 



-i(k — i€)\r I 

47r|r"| 



|q|2-(fc_ 



F(r')e^'^'^^''^)l''^'''l 
47r|r — r'l 



dV = - 



1 

(27r)3 



Fjq) 
|q|2 - {k-iey 



''«"'d3q, yF eC^{V;C^). 



Now that we have the absolute convergence of the following integrals: 



iu-q)Fiq) 



- (/c - iey 



d^q < +00, 



{u- q){v ■ q)F{q) 



- {k - iey 



d^q < +00, Vm, i; e {cj:, Cy, e^} 



which implies the continuity of corresponding Fourier integrals, we can proceed to confirm that for every F e 
C^{V; C^), the following identity holds for all u,v E {e^, By, e^}: 



F(r')e^^(''^''^'l''^'''l 



47r|r — r' 



dV 



(27r)3 



{u- q){v ■ q)F{q) 



|q|2 - (fc-^e)2 



To reach Eq. |1.31| from the equation above, it would suffice to prove that both sides of Eq. |1.31| indeed define a 
continuous mapping from L'^{V;C^) to L?(M?\C ^). 

Here, it is clear that the right-hand side of Eq. 1.31 represents a continuous mapping from L?{V] to L^^jjs. (j^s-j^ 
as the following estimate holds for every E e L^{V; C^): 



1 



(27r)3 

where < +oo. 



{u ■ q){v ■ q)E{q) 



|g|2 - {k-ief 



d^q < \\E\\l2^v;C^) max 



{u ■ q){v ■ q) 



- (fc - ief 
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The left-hand side of Eq. 1.31 represents a continuous mapping from L'^{V;C^) to 
reasons. 



^) as well, for two 



First, for every E G L'^{V;C^), one naturally has 



47r|r-r'| ^ ' J J Jy 4^|r - r'| 

Pick Ry := min^gijs max^'gyusv ~ f\ to be the radius of the circumscribing sphere, and we may assume, without 
loss of generality, that V C 0(0, 27?^). Thus, we accordingly have the following bound estimate on the open ball 
0(0,27?^) 



\\'^u}vE\\l^{O(0,2Rv),C3) 



< 1 



O{0,2Rv) 



Tr 



VV- 



^~i{k — ie)\r — r'\ ^ 

Airlr — r'\ 



/ g-i(fe-ie)|r-r'| _ I 

VV 

V inlr — r'l 



d^r' ^ d3r \\E\ 



Here, the multiple integral under the square root is finite, owing to the square integrability of the weak singularity of 
order 0{\r-r'\-^). 

Second, we note that so long as r G ^ y dV), we have the square- integrable convolution kernel: 



(m- V)(v V) 



Awlr — r' 



so we may differentiate under the integral sign for v'iiE e C°{R^ \{VD dV);C^) to deduce 



ivi!lE){r) := 
and perform the estimate 

1 1 1 1 L2 (R3 \o (o,2flv ) ,C-^ ) 



E(r') (u • V) • V) — — — d re W \iV\J dV) 

47r|r — r'l 



< 



R3\O(0,2_Rv 



Tr 



/ p-i(k-iE)\r-r'\\* / „-i{k-ie)\r-r'\ 

VV— ^ — VV 



\ 47r|r — r'l 



47r r — r' 



d3r' d3r||£;|U.(y,c3). 



Here, the multiple integral under the square root is finite, owing to the exponential decay factor e ^''^ 
Combining the above efforts, we have verified the Fourier inversion formula as claimed in Eq. 1.31 | 



SI. 3. 3. Norm Estimates of the Born Operator 

In the quantitative analysis of the Born operator, we need to bound the operator norm ||7||l2(V:C3) for 



{lE){r) -r- 

where the 3x3 matrix r(r, r') is given by^^ 



f(r,r')£;(r')d3r' 



f(r,r') = 



47r|r — r'l 1 
Here, the 3x3 matrix 



^-ik\i — r'l 



l-e-^'''l'-'''l(l + ifc|r-r'|) 



fc-^|r — r'P 



r- 



,e-*'=l'-'''l(l + i/i:|r-r'|)-l 



k'^\r — r'P 



^—ik\r — r'\ 



rr 



r r r — r 



r — r' \\r — r 



Hereafter, without affecting the evaluation of the integral, we may always assume that r ^ r', so that the matrix is never ill-defined. 
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satisfies ff'^r = r, so it has an eigenvalue Ai = 1, with eigenvector f. The three eigenvalues of rr"^ are actually 
Ai = 1, A2 = A3 = 0, as evident from the computations Tr {rf'^) = Ai + A2 + A3 = 1 and det(f f^) = A1A2A3 = 0. 
To facilitate further analysis, we may use the decomposition 7 = 7c — *7s '■ L'^{V;C^) — > L'^{V;C^) where 



(7c-E)(r) = V X V X 



■ff E{r')[cos{k\r-r'\)-l] 



47r|r ■ 



dV, (7s£^)(r) = V X V X 



£;(r')sin(/c|r-r'|;^3^,_ 



47r|r 



We may accordingly define fc{r,r') = Ref (r,r') and f5(r,r') 



-Imf(r,r'), so that (7c-E)(r) 



JJJyTc{r,r')E{r') d^r' and {^'sE){r) = JJJyts{r,r')E{r')d^r'. The bound estimate for the operator norm 
of 7 = 7c - ns can be then obtained from ||7||z,2(y.c3) < ||7c|U2(y.c3) + \\^s\\l^{V;C^)- 

Lemma 1.4 We have the following upper bound estimate 



max{||7c|U2(V';C3),||7s|U2(V;C3)} < + Q ('^^//X'^^ 



2/3 



< 



5tt 



dV 



2/3 



Proof For brevity, we will narrate the proof for 7c only, as the same procedure, mutatis mutandis, will also apply to 
is- 

It is easy to recognize that 7c is a compact Hermitian operator. The corresponding absolute value of the 
Raylcigh quotient \{E,jcE)v /{E, E)v\ (defined for ||£J||^2(-y.c3) 7^ 0) attains its maximum when E is an eigen- 
vector subordinate to the eigenvalue of 7c with the largest modulus, and we have the equality ||7c||L2(y;C3) = 



max||_E 



^0 \{E,^cE)v/{E,E)v\ = max||£| 



-I \ {E,'ycE)v\ as well. Consequently, we just need to bound 



the absolute value of the quadratic form {E,^cE)v from above for an upper bound estimate of ||7c|U2(y;C3)- 
Now, we have the inequality 



{E,%E)v\ 



< 



E*{r) ■ [tc{r,r')E{r')]d^r'd^r 
///^ ///^ {lAUa. [tc{r,r')] } \E{r')\d^r'd 



\E*{r)\\rc{r,r')E{r')\d^r' d^r 



where |A|max extracts the eigenvalue with the largest modulus. As the 3x3 symmetric matrix lLc{r,r') = aii^ + brr'^ 
has three eigenvalues Ai = a + 6, A2 = A3 = a, we may deduce that 



lAI, 



tc{r,r') 



max 



Re 



1 - e-'« (1 + iC) 



47r|r — r' 

We claim that the above formula implies that 



lAUax fc(r,r') 



< 



/,:- 



4n\r — r' 



Re 



1 TT 

2 + 6 



1 - e-'« (1 + iC) 



^ = k\r-r'\. 



(1.32) 



Here, for ^ > 0, we have |e'«-l-j^| = | (e'''-l) dr?| < Ke'"-!)] dj? = |2sin(?7/2)| d?7 < ^V2, thus we obtain 

/o«(e'''-l-ir?)dr?|</o«i 



2 |[1 - e-*« (1 + i^)]/^^! < I Meanwhile, the inequality |e*«-l-iC+^V2| = I /o^(e'''-l-ir/) dr/| < J^{rf/2)dr] = /Q 



allows us to estimate 
A(0 := 

whereas in the regime tt < ^ < 37r/2, we have 



1 e 

< - + — 
-2 



^2 <2 + ^<2 + 6= < ^ < TT, 
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Here, we note that the term (7r/^)[2- 
we have 



(tt/^)] is a quadratic form in 1/^ that attains its maximum for £, ^ tt. Moreover, 



m< 



\ 



1 - cos ^ ~ 



< 



\ 




+ 



37r 
2 



'37r ^ 
^ 2 ) 



1.0231+, 37r/2 < ^ < 77r/4; 



A(C)< W1 + 



C - sing 



< 



e+1 



< 



\ 



7tt 



1.0228+, g > 77r/4. 



This establishes Eq. 1.32 as claimed. (One may replace the constant 1/2 + 7r/6 = 1.0236+ by the numerical value of 
the maximum max^>o A(g) = 1.014+, but the improvement is not significant.) 

Using the Hardy-Littlewood-Sobolev inequality |50| [51] 152] with Lieb's sharp constant (see Ref. |53j, as well as 
Theorem 4.3 in Ref. [29]): 



d \r - 



< m/2 n 2 ) 

r(d-f) 



£(|) 

m 



I/IIl^ 



ci/(2ci-m)/Rd., 



\h\\ 



i2d/(2d-m)( 



where d = 3, m = 1, 



2d 



2d ~ m 



/(r) = h{r) 



\E{r) 



we may deduce from Eq. 1.32 the following estimate 





rev 



d> 



2/3 



< — ( fc3 
OTT 



d^r 



Here, the Holder inequality (Theorem 2.3 in Ref. |29]) has been used to derive the estimate ||-E|j^6/5(y.c3) < 
\\E\\l^(V;C^){JJJv d^r)i/3, and the ratio Kf )^/^(| + f) : f lies between 97% and 98%. | 



Remark When V — {{x,y,z) G 



< R^,0 < z < h} takes the shape of a cylindrical "antenna", we 



may compute that max{||7c||L2(y;C3), ||7s||L2(y.c3)} < |(i + ^){PR'^h)'^^^, and the upper bound ||7||i2 



(y;C3) 



< 



'*(i + |)(Pi?^/i)^/^ scales as {khy/^ for large heights h > 2n/k. When V — O{0,R) is an open ball with radius 



5^2 



R, the above reasoning leads to an estimate 'cna.'K{\\^c\\L^{O{0,R):C^), \\ls\\ l^{o{o,r):C^)} < ^{kR)^. Thus, we may also 
conclude that |17||l2(q(qjj-).c3') < (kR)^. It is worth pointing out that for the spherical geometry, the quadratic growth 
rate (fci?)^ overestimates the operator norm for large radii R ^ 27r//c, as indicated by the lemma below. | 

Lemma 1.5 We have the following upper bound estimate for the operator norm of ■ L'^{V;C^) — > L'^{V;C^) 



7c||L2(y;C3) 



< k 



V2i 



(2\/3+ 12)7r JJJv 




d3r' 



V2kRv < SV2kRi 



where Ry '■= minj-gRS max^/gv/uav I''"' ~ ''I the minimal radius of a circumscribed sphere. 



Proof Without compounding the validity of the proof, we may regard E g C^{V; C^) as a vector field with compact 
support, and accordingly jqE G C°°(]R"^; C'^) as a smooth vector field defined on the entire space. This is because we 



have 



|7c||l2(F;C3) = max||B| 



^2(^,c3)=i \{EncE)v\ = sup£gCo~(V;C3)\{o} \{E,jcE)v/{E,E)v\. For convenience, we 
may also assume that the center of the circumscribed sphere with radius Ry coincides with the origin r = of the 
coordinate system, so we have the set inclusion relation V C O{0,R v). F urthermore, we may confine our discussion 



1.4 



already implies 



17cI1l2(V;C3) < \{kRv} 



< 



to the regime where kRy > 2\/2, because the conclusion in Lemma 
V2kRv for kRv < 2^2. 

Now that E S C^{V; C^) C 5(M'^; C^) is a member of the Schwartz space, the Fourier transform E{q) will decay 
sufficiently fast as \q\ +oo. This allows us to interchange limit with integrations for the Fourier representation of 
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the quadratic form in question 



{E,jcE)v = k lim 



1 



£^0+ (27r)3 
lim 



(2^)3 ,_o+^ 



+ 00 



— ( ^ 1 \ _ 1 ' 

e~'^^ sin(A;S) dS 



cos(|g|a) '^ , d^g 



(27r)3 70 



+ 00 



cos(|g|a) '^ d^g 



sin(fcS) dS. 



By splitting the integration J^°° dS = J^' dS + /^°° dS for ii* > 2Rv = 2minj.£R3 maxr>^vudv 1^"' — we obtain 
the representation {E,jcE)v = Ii[k; V] + l2[k; V], where 



h[k;V] 



W Jo 



R, 



cos(|g|a) '^ , .)^" d^g 



sin(A;S) d S 



satisfies 



\h\k\y\\ < jjjj-^'^^^^d'q j^""' \ sm{kE)\dE< {E,E)v j^'''' |sin^|d$, with A:i?, > 4^2, 



and 



1 



■ sin(2mfci?,) 2 1 ^ 1 _2 ln4-l 1^ 

rn— 1 ^ ^ ^ m=l ^ ^ v v 



while /2[fc;y] can be recast into the configuration space (r-space) as 



|T--r"|=E,r"ey 



V X V X 



IIL 



47rS 



y 47r|r — r' 



dV" ysin(A:S)dS. 



For \r — r"\ = 'E> > 2Rv,r" €V, a. point r &V will not contribute to the integral representation of l2[k; V]. In 
this case, we only need to consider r ^V, and 



V X V X 
satisfies 



y 47r|j — r' 



47r|r - r'l ' 



3^^T — , , 
. — ^ £; r' dV 



iiiy 47r|r - r'| ^ " JJJy 2n\r - r'|3 " 2n{E - 2Ryf " 27r(S - 2i?v)3 



when |r — r"| = S holds for some r" S Here, the triangle inequality \r — r'\+2Ry > \r — r'\ + \r' — r"\ > \r — r"\ = S 
has been exploited. 

Using the fact that | cos(|g|E!)| < 1 and | sin(A;S)| < 1, we may proceed with estimating \l2[k; V]\ by 



\l2[k;V]\ < k\\EU2^y.c^) 

k{E,E)y 



+ 00 



< 



2n 



d^r' 



dO{r,S)nV^<ll 

+ 00 



V X V X 



Rv<\r\<E+Rv 



(S - 2i?y)3 



E{r') 
y 47r|j — r' 

d^r 

dS. 



d3r' 



d3r dS 



Here, we note that if |i — r"\ = S holds for some r" E V, then wo must have S = |r — r"\ < \r\ + \r"\ < \r\ + Ry, as 
well as S + Ry > E! + \r"\ = \r — r"\ + \r"\ > \r\, which justifies the domain of integration S — Ry < |r| < S + Ry. 
The computation 



S-Rv<\r\<S+Rv 



^ ysjfi^STM ^ ^^^^ ^ 
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brings us the estimate 



\h[k;V]\ < 



k{E,E) 
2^ 



iirRv 



d3r' 



V3 



(2^/3 + l)i^^/ 



-R* — 2Ry 2{R^ — 2Ry) 



Now, we may choose an appropriate radius i?* > 2Rv to make the right-hand side of ||7c||L2(y;C3) ^ + 
1^2 [fc; V] \ as small as possible. By choosing R^ to minimize the sum 



R. 



-2Rv (2^/3 + l)Jfi?3^///^d3r' 



V2 



2tt{R, - 2RvY 



we obtain the upper bound 



< k 



V2i 



, 3 27 9V3 r—J 1 
(2^/3+12)^777y V 4 8 ^ 2^ 



d3r' 



/2kR 



(1.33) 



Inserting the inequality JJJy d^r < AnRy /3 into the right-hand side of Eq. 1.33 we may confirm that |17cI1l2(v'.c3) < 
SV2kRv. I 



Remark In case V = O{0,Rv), then we have \\jc\\l^(v=O{0,Rv);C^) / i^^v) < 4.237-1- according to Eq. 
other hand, we may numerically solve the equation du{R^,) / dR^, = where 
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On the 



u{R^) 



1 \R^-2Rv 1 /87ri?y 
^2^\/^~ 



Rv 



V2 



d3r' 



V=O(0,Rv) 



\/3 {2^+\)Rv 
R., - 2Rv ^ 2{R., ~ 2RvY 



V2, i?* > 2i?y 



thereby verifying that the minimum of u{R^,),R^, > 2Rv is 4.146-I-. Therefore, although we have avoided a global 
optimization of R^ (which inevitably involves a non-degenerate cubic equation du{R^) /dR^ = 0), the difference in 
the bound estimates is less than 2.5% for the spherical geometry. For generic geometries where JJJy d^r < AirRy/S, 
the solution to the equation du{R^,) /dR^, = will not make the optimal ratio (i?* — 2Rv)/Rv exceed that of the 
spherical geometry, hence it is likely that the inverse square term cx (i?* — 2i?y)~^ will always dominate the inverse 
linear term oc (i?» — 2Ry)~^ in the expression for u{R^). Thus, the strategy employed in the proof may lead to a 
relatively tight upper bound for an arbitrary shape V C O{0,Rv)- 

In principle, we may deduce an upper bound for ||75||L2(y.c3) by applying a similar trick to 



{E,jsE)v = 



(27r)3 



cos(|q|S) 



d^q 



cos(fcS) dS. 



/R3 \qr 

However, using such an approach, we at best obtain an upper bound that is greater than \/2kRv, which is less sharp 



than the estimate 5kRv/8 to be given by Lemma 1.7 in SI. 3. 4 



SI. 3. 4. Upper Bounds for the Total Scattering Cross-Section 



From Eq. 1.18 we know that the total scattering cross-section (up to a scaling factor) is determined by 



V X V X 



E*{r')sm{k\r-r'\l^^^; 



IV 

-2/T/. (r3\ 



AttIt — r' 



■E{r)d^r 



\rv\ = l 



n X E{kn) dn, (1.34) 



where the Hnear mapping 75 : L'^{V\ C^) — > L'^{V] C3) 

{^sE){r) = V X V X 



E{r')sin{k\r-r'\)^^^, 



Airlr — r' 



is a positive-semidefinite and compact operator. The operator norm ||7s||L2(y:C3) is thus equal to the largest eigenvalue 
of the linear mapping 7s : L'^{V; C^) — > L'^{V; C^). 



Lemma 1.6 If Vi C V2, then ||7s||l2(v^.c3) < \\js\\l^V2iC^)- 



33 



Proof Suppose that Ey^ € L^(Vi;C^) solves the eigenequation jsEvi = ||75|1l2(Vi;C3)-^Vi i ^ind satisfies 
ll-^Vi ||l2(v'j.C3) = 1. Then, we may take 



Eir) 



EvAr), reVi 

0, reV2\Vi 



so that ||£J||i2(y2;C=') = 1 fi-iid 



IIsWl^Vv.C^) = {lsEvi,EvJvi = {lsE,E)v^ < \\ls\\L^V2;C^)\\E\\'i2(^y^.c3^ = \\1s\\l^V2;C^) 



as claimed. 



Proposition 1.11 For any bounded and open volume V, we have 



7S i2(y;C3) < max 



where Ry :— min^^^iTa&yir'i^vudvW ~ ''"I ^•s minimal radius of all the circumscribed spheres, and ji{x) 
(— a;)^(j:-jj)^(^i^) denotes the £-th order spherical Bessel function. 



Proof As before, we may assume that the center of the circumscribed sphere with radius Ry coincides with the origin 
r — of the coordinate system, so F C O{0,Ry) implies ||7s||l2(\/;C3) ^ \\is\\l^(o{o,Rv);C'>)- We may further assume, 
without loss of generality, that V = 0(0, Ry) in the computations below. 



First, we have the decomposition 75 = 75 j + 7s,tJtt • ^^(^5 C'^) — > L^{V; C^) such that 



E{r')smik\r-r'\) 



47r|r — r' 



dV, (7,,j„£;)(r) = V 



V • 



E{r')smik\r~r'\)^,^; 



inlr — r' 



Then, we point out that 75^ : L?{V;€?) — > L?{V\'C^) is a positive-semidefinite compact operator satisfying 



{ls,^E,E) 



167r2 



E{kn) 



dn > 0; 



whereas jsM ■ L'^{V','C^) — > L^(V^;C'^) is a negative-semidefinite compact operator satisfying 



{^smE,E) 



167r2 



\r^\ = l 



n ■ E{kn) 



an < 0. 



Meanwhile, it is also clear that if E\ E L^{V; C^) solves the eigenequation 



£;A(r')sin(fc|r-r'n 3 , 



inlr — r' 



d>' = \Ex{r) 



where A 0, then the solution must be twice-differentiable Ex E C^{V; C^), and must satisfy the Helmholtz equation 
(V^ + k'^)Ex(r) = 0,Vr e V. Therefore, we have the identity: 



\\lSML'^(V:C^) 



max {^sAE,E)y= max {^s,iE,E)y. 

•EeC'^(V;C3),||£;|L2(v-;c3) = l 



EeL-'(V-; 



We recall that any twice-differentiable and square-integrable vector field E E C'^{V\'C^) n L'^{V\'C'^) satisfying the 
Helmholtz equation (V^ + k'^)E{r) = 0,Vr e F = 0(0, admits a Fourier-Bessel expansion E — J2f,,e'B'^bfb, 
where the orthonormal basis *8 can be chosen as 



05 = 



uu{k\r\)Y,UO,<l)) 



u E {e.^,ey, e J; £EZn[0, +00) = {0, 1, 2, . . .}; m e Z n [-£, £] 



'JoJ^ikr'y^dr' 
Using the spherical harmonic expansion (cf. Eq. 9.98 in Ref. |9]) 



47rA;|r — r' 
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we may deduce the eigenequation for fi, = uj({k\r\)Yim{0, (f>)/[Ji^ ^ jg{kr')r'^ dr']^^'^ as 

iSAh = k^h / Jl(fcr')r'2 dr' = f, / jKOe' d^. 
Jo Jo 

Thus, we may expHcitly compute the operator norm of 75 j by writing out its largest eigenvalue 

ll7s,tlllL2(y;C3) = max {^s,iE,E)v= ja&yi jKOC^df. 

With the inequality {■^smE^E)v = {'lsE,E)v - {js,tE,E)v < 0, we arrive at {jsE,E)v < {js,iE,E)v < 
\\lS,i\\L'^{o{o,B.v).C3)iE,E)v = {E,E)v uia,Xi^zn[o,+oo} Jo"^ JeiO^^ '^^^ whence we may conclude that 

^ezn[o,+oc) Jq 

Lemma 1.7 We have the inequality 





II7s||l^(V;C3) < ^ max / jKO^^d^. | 
ity 

max / jKOe'd^ < min -{kRyf , Mv)\ ^kRy 
zn[o,+oo) Jq I a ) 



Proof First, we point out that the identity I]l=o(2-^+ 1)^1(0 = 1 (see Eq. 10.1.50 in Ref. [H], also Ref. |55], p. 152) 
entails jfiS) ^ 1/(2^ + 1), thus resulting in 

kR,v 1 pkRv 1 

j'(m'dC<^^y^ ed^<-{kRv)\ eZn[0,+«3). 

This inequality can be actually sharpened to 47r||7s||/,2(y.c3) < k^ JJJy d^r for arbitrarily shaped V, after we plug 
the Cauchy-Schwarz inequality |£^(q)| < \\E\\]^2iy.c3j^ IJJv d'^'" into the right-hand side of Eq. 
Next, we note that the following identity (see Eq. 10.1.52 in Ref. also Ref. [55], p. 152) 
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1 sinTy , _ Si (2g) 



L=0 

along with the inequality (sin 77)/// = nm=i cos(2~™r7) < 003(77/2), < 77 < tt lead us to < Si (7r)/(2^) < 1/C for 

^ > 0, so 

pkRv pkRv 1 

jKm'd^<J^ ^de--(fci?v)', V£ezn[0,+(X3) 

is also obvious. 

Now, we will set out to prove ^ jKO'^^d^ < 5kRv/8 using the following Lommel series (see Ref. [55], pp. 151- 
152) for X ^ kRv > 

/ fAOed^^ — [j,2_,.(x)-J,_i(x)J,^3(a;)J =7r^ ^+„+2L j2^3+2^(x) 

00 

= a;^[2(^+l + 2L) + l]j,V+2^(x), 



L=0 



where the cylindrical Bessel functions Ji,{x) are related to the spherical Bessel functions by ji{x) = y^7r/2xJ^^i (x). 

With the help of the identity El=o(-1)^(2^ + = sin(2C)/(20 (see Eq. 10.1.51 in Ref. [54], also Ref. [55] 

p. 152), we see that when > is an even number, we have 



\[medi < E(4L+3),,v,(.x) = ^ - 
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When £ > is an odd number, we have 

1 



L=l ''^ 



On one hand, as tt < 2x < 27r, we have 

„, , 1 sin 2a; 1 (2a; — tt) sin(2.T — tt) 1 (2.t — tt) 

fix) := = - + ^ — ^ = - + ^ 

' 2 Ax 2 Ax 2a; -TT 2 Ax 



n 



1 - 



(2x - Tlf 



< 



1 (2.T - tt) 

2 ^ Ai 



(2x- 7r)2 



where the last term is a quadratic polynomial in x that attains its maximum value 5/8 for 2a; — 37r/2. Meanwhile, as 
2x > Stt, we have 

1 1 sin 2a; 1 1 3 

f(x) = < - H < 

■'^ ' 2 2 2x - 2 67r 5 

so f{x) < 5/8, Va; > 0. (One can use numerical computation to verify that f{x) < 0.6086+, but this numerical bound 
does not mark an impressive improvement as compared to 5/8 = 0.625.) 
On the other hand, from the equality 

1 sin 2.x 2/ \ 1 sin 2.x sin^ a; sin a; cos a;, 

5 := o + ^1 -'o a; = o + ^i 2^ = 2 (tana; -a;), 

2 4a; 2 4a; x^ x'^ 

we have g{x) < f{x) for < a: < tt. When a; > tt, we have 

, , 1 1 3 
^(^)^2 + 4^<5- 

Thus, we have concluded the proof by verifying that max(/(x), g(a;)) < 5/8 for all positive values x — kRy > 0. | 

Remark Combining the above results with the conclusions from |S1.3.3| we immediately arrive at the following upper 
bound estimate for |l7||L2(y.c3): 



l7lU2(y;C3) 



< min ■ 



3 

57r 



2/3 ^ 

d^r] ,3%/2fci?y^ + min ■ 



fc3 

A-K 



d>, — 
V Stt 



d'V 



2/3 



It is worth pointing out that for open balls 0(0, R) with kR ^ 1, the linear bound 0{kR) indeed describes the 
growth rate of \\^\\l^{v=O(0,r);C^)j and cannot be reduced to a lower power of kR. To show this, we may just pick a 
"unit vector" E{r) — e^e''"'''! / (i|r|\/47ri?), \r\ < i? satisfying ||£^||l2(o(o,_r);C3) = li perform the following computations 
in spherical coordinates 



{(V + ^)E){r) = V X V X 
1 



47r|r — r' 



VAttR 
1 

2kVATTR 



V X V X 



-tk\r\ n\r\ 



k\r\ 



V X V X <^ e 



sin(A:r')e*'='' d/ + 
i ~ 2kR 



e^^sm{k\r\) f'^ 



k\r\ 



\r\ 



k\r\ 



- sin(A;|r|) 



and derive 



||(I? + 7)£;|l|2(o(o,fl);C3) 

2fc2i?2 _i _ 3fc2^2 _^ g^4^4 + (1 + fc2^2 _ 2k^ R*) cos(2fci?) + kR{2 + 3k^R^) sin(2fci?) 2PR^ 



> 



(1.35) 
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that 



9 12/c4i?4 
after some routine integrations. As we know that W'DW {o(o.b);C^) ^ li we may deduce from Eq. 

/2 

|l7llL=(o(o,i?);C3) > ^kR - 1, kR> 3/V2, 

which confirms the linear growth rate (o(o.r.};C^) / (kR) = 0(1), kR +oo. 

In the meantime, this also shows that if 0(0. R) C V M.^, then a lower bound for + 711^2(^.^3) will be given 
by ||2? + ^\\l^(v-c^) > V^kR/3. In other words, the radii of the inscribed sphere and the circumscribed sphere of a 
volume V set lower and upper bounds for the operator norm ||2? + j\\l^(V:C^)- I 
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Corollary 1.2 If x & C satisfies the inequality 

|xpmin|^fci?V',A('fc3 



2/3 ^ 

' An 



d r > < Imx, 



then the Born operator B = I — xQ = / — ^ + 7c) + ixis ■ L^iV; C^) — > L^iV] C'^) «s invertible, with the norm 
estimate of the inverse operator given by 



Ul-xGr'\\LHV;C^) < 



\x\ 



Imx \ I™X 



2/3 ^ 



dV 



Proof Now that Imx > and V — I + ■ L^{V\ C'^) — > -^^(^; C"^) is a Hermitian operator, we naturally have the 
resolvent estimate (see Ref. [40^, p. 148): 



\\[i-X{'D-i + lc)V\\L-{V;C^) < 



1 



|xlni(l/x)| Imx' 



Meanwhile, we have 



where 



+[i-xi'D-I + lc)]~^ixis}~^\\LHv-c^) < (l - Ixlll [i-x{'D'i + 1c)]~^\\lhv-c-')\\is\\lhv:C^)) ' • 

The claimed norm estimate for ||(/ — xG)^^\\l^{v-c'>) then emerges after we insert the upper bounds for ||[/ — xi^^ ^ 
I + 1c)]~^\\l^V;C3) and \\^s\\l^V;C3) into the right-hand side of the inequality ||(/ - x^)"^llL2(y;C3) < (1 - |xll|[-^- 
X(2? - / + 7c)]"^||L2(y;C3) I|7s||l2(V;C3))"^||[/ - x(2^ - 1 + Jc)]'^\\l^V;C^)- | 

By interchanging the roles of 75 and T) — I + ^c, we may establish a similar bound estimate as in the following 
corollary. 



Corollary 1.3 If x ^ satisfies the inequality 

\X? [l + minjl-ffc^ 



dV^ ' ,3\/2fci?y|^ < IRexl, 



then the Born operator B — I — xQ — x(2? ^ + 7c) + *X7s '■ L'^{V]'C'^) — > L'^{V;'C'^) is invertible, with the norm 
estimate of the inverse operator given by 



\\{i-xCr^\W(v;c-) 



< 



\x\ 



IRexl 



(l + niini- ffc3 
IRexl I Utt' 



2/3 



SI. 3. 5. Analytic Continuation of the Helmholtz Equation 

To complete the uniqueness theorem (Theorem 
continuation of Helmholtz equation, as given in the fo 

Lemma 1.8 IfR^ \ (V U dV) is connected, E G L'^{V; C^), then the scattering fielcP^ 



1.2 



Sl.l we need an argument based on the unique analytic 



lowing lemma. 



E^^{r) ■- xVxVx 



47r|r — r' 



^ ' ^dV + x 



Airlr — r' 



V'V 



~ik\r—r \ 

AttW — r'\ 



E{r')d^r' ,r V \J dV 



Here, we note that Esc € C°°(K'' \ (V U i9V');C''), and difFerentiation under the integration sign is always permissible. 
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vanishes identically when the far-field scattering amplitudes vanish in all directions 



fin) ■.= -^nx 



n X 



E{r')e 



= 0, V|n| = l. 



Proof Let i?y := miiirgRa laaxr'evudv \ ^'''1 = niaxj,'gyu9v I*"'! be the radius of the circumscribed sphere centered 
at the origin r = of the coordinate system. For |r| > Ry, we have the following Fourier-Bessel expansions 



47r|r — r'\ 



^^E E Y;^{e',^')Y,^{e,cP)je{k\r'\)hf\k\r\) 



e=o m=-e 



and 



^—ik\r—r'\ 

47r|r — r'l 



= -^^E E Y,^{e,cl>)hf\k\r\)VV'[Yl,{e',cP')je{k\r'\)], 



e=o m=-e 



both converging uniformly and absolutely for (r,r') e B x {V U dV) C M'' where B (g \ (F U 5^) is any 
compact subset. This is because the rate of convergence of the Fourier-Bessel expansions may be compared to 
E^i ^^\z\^ < +00, \z\ < 1, TV > 0, as 



i2e+l)Mk\r'\)h<f\k\r\)k\r \ ( \r\ 

^— >(x) i 



< 



21+1 



max — — < 1, 
{r,r')eBx{vuav) r 



and the Clebsch-Gordon coefficients that express VV'[Y^^(6'', (/)')j^(A;|r'|)] as linear combinations of 
jt{k\r'\)Yl,^,{e', 0'), \l - i'\ < 2, |m - m'\ < 2 arc of order 0{f). 

This allows us to interchange the infinite sum with the integration in the representation of Esc{r), and obtain a 
Fourier-Bessel expansion of the scattering field 



Esc{r) = E E EemYim{0,<l>)hf\k\r\), \r\ > Ry 



(1.36) 



e=o m=-e 

where the coefficients are completely determined by the far-field asymptotic behavior of Egdr) as 



Eim = lim 



£=0 m=-l 

k\r\e^k\r\ 



^e+l^-ik\r\ 



k\r\ 



-ik\r\ 



|r|— >-|-cx) ^ 



e+1 



EMOA)YLio,<l>)dn= ^([f) f{n{0,<i>))Y;^i9,cp)dn. 



Now that the far-field scattering amplitudes f{n) = vanish in all directions |ti| = 1, we obtain a vanishing 
scattering field Esc{r) = 0, |r[ > Ry in a non-empty open subset M'' \ CI (0(0, of the connected open set 

\ (y U dV). We claim that this imphes a vanishing scattering field Esc{r) = 0,Vr G \ (F U dV) in its 
entire domain. To see this, we may establish a spherical coordinate system r{\r — r^,!, 0^.) based on any point 
S M'^ \ (y U dV). So long as the open ball 0(r+,£:*) C \ (V U dV) lies outside the dielectric volume, we have 
minr'^dv If' — T"*| > e^,, so we can use 



g-ife|i — r-'l 

47r|r — r'\ 



^^■E E YM,ct>i)Y,^{e.,cl>Mk\r-r.\)hf\k\r'-r.\) 



and 



^—ik\r—r'\ 

47rlr — r'l 



= -*^E E >^£„(^.,0.)i^(fc|r-r.|)V'V'[y;„(0:,</.:)/if (/c|r'-r.|)], 
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to deduce a uniformly and absolutely convergent Fourier-Bessel expansion based on point r^, 

oo I 



f=0 m= 



where the coefficient Eem.* can also be uniquely determined by integration of the field Esc{r) — -Esc(r* + £^n), \n\ = 1 
over a spherical surface dO{ri,,e'_^) C 0{r^,,e^,) such that ji{ke'^) ^ 0: 



As the external volume M'^ \ U dV) is a connected open set, any two points can be joined by an unbroken chain 
of piecewise line segments of finite total length. This chain of line segments, in turn, can be covered by an unbroken 
chain of spheres (where two consecutive members have non-empty intersection) that lies inside M'^ \ U dV). In each 
of these spheres, we can construct a convergent Fourier-Bessel expansion of Esc{r) based on the center of the sphere, 
thus forming an analytic continuation of the field Esc{r) along the unbroken chain of spheres. Neighbor after neighbor, 
the Fourier-Bessel coefficients Eim,* based on any point g M'^ \ U dV) can be related to a sphere that intersects 
the volume K'^ \C1 (0(0, Ry))- As Esc{r) = 0, \r\ > Ry, we can see that all the Fourier-Bessel coefficients thus 
obtained have to vanish. Therefore, we have an identically vanishing scattering field Esc{r) = 0, Vr G M'^ \ (P^ U dV) 
in the connected region outside the dielectric volume. | 

Remark The unique analytic continuation of the electric field satsifying the Helmholtz equation (V^ -I- k^)Esc{r) — 
0, Vr G M'^ \ (y U dV) is a specific case of the "unique continuation principle" (Theorem 8.6 in Ref. [13] with a more 
sophisticated proof) that applies to a broader class of partial differential equations V^/(r) -I- fc^7V(r)/(r) = 0, where 
N{r) is continuous. 

Lord Rayleigh once conjectured that the Fourier-Bessel expansion outside O{0,Rv) (Eq. 1.36[ l would be applicable 



to the entire volume M'^ \ (F U dV). If such a "Rayleigh hypothesis" were true, we would have a more direct way to 
conclude that the far-field scattering amplitudes determine the scattering field. However, the last decade saw strong 
numerical evidence against the Rayleigh hypothesis for light scattering on non-spherical particles — there is now a 



consensus (see Ref. |36], p. 40) that the Rayleigh hypothesis "could be wrong". As seen above, the proof of Lemma 1.8 
does not have to rely on the Rayleigh hypothesis, and only draws on the connectedness of the open set \ (V U dV). 

The conclusion of this lemma is identical to that of Corollary 4.10 in Ref. [TS], in which the authors provided a 
proof based on Taylor expansions in l/|r| as Esc{r) = (e*'^''''/|r|) £^£(6*, 0)/|r|'^ and the recursive relations for 

Ei{9, (/>),£— 0,1,2, ... , without explicitly using the spherical Hankel function. | 



SI. 3. 6. Generalizations to Inhomogeneous and Anisotropic IVledia 

Here, we briefiy state some natural generalizations of Theorem |1.1| and Theorem |1.2| to inhomogeneous and 
anisotropic media, with the self-evident proofs omitted. 

First, we mention some obvious extensions of the generalized optical theorem proved for homogeneous media 
(Theorem [rT|. 

Corollary 1.4 (Generalized Optical Theorem — Inhomogeneous Medium) Consider a spatial distribution 
of dielectric susceptihility x(r),r G M'^ that is hounded sup^^^s |x('')l < +00 and has compact support suppx '■— 
Cl{r G IR'^lx(r) 7^ 0} d IR'^. Let the corresponding Born operator B : -L^(suppx; C^) > L^(supp x; C'^) he defined hy 



P(r) 1 1 
{BE){r) = Eir) + + - lim 



gx [gxP(g)] ,3^ 

|g|2-(fc-ze)2 



(1.37) 



where P{q) = eo // /suppx x(^)-^(^)6*'' d^r is the Fourier transform of the electric polarization P{r) — eQx{f)E{r). 
Then, we have the following form of generalized optical theorem: 



Im {E - BE, xk^E) 



Im j/c^ 
16^ 



E{r)^{BE){r) ■x{r)E{r)d^r 



\n\ = l 



n X 



x{r')E{r')e''''^ ''' d^r' 



suppx 



dn,WEe L2(suppx;C3). 
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Remark Here, we may consider a piecewise constant xi^) that takes only finitely many different values. Suppose that 
assumes a non-zero constant X(j) value in a bounded open set V(j), then we may still regard the Born operator 
L^(suppx; C'^) — > L^(suppx; C'^) defined in Eq. 1.37 as the continuous extension of B : p|(j)[C-^(V(j); C^) n 



B 



Z^) — > L^(suppx;C^) defined in Eq. 1 

> [PIq) ^^(^(i)! 'C^)] ^ -^^(suppx; C"^) that is defined by classical derivatives: 

X(r')-E(r')e-''=I'-'''I 



{BE){r) = [1 + x{r)]E{r) - V x V x 



Anlr 



For a generic x(r),r e M.^, due to the possible lack of certain analytic attributes in x(''")i the Born equation as 
in Eq. [l] may not be a well-defined differo-integral equation in terms of classical derivatives. In this case, we may 
regard Eq. |1.37| as an axiomatic generalization of the Born operator to a bounded and compactly supported spatial 
distribution of dielectric susceptibility x{'''),f G K'^. | 

In the above, we assumed that the electric polarization P{r) is pointwise parallel to the electric field E{r), and the 
proportionality coefficient eox{r) is a scalar field. This is a correct assumption for isotropic media. For anisotropic 
media, we generally have P{r) — eo^(r)£J(r), where the dielectric susceptibility tensor *x*(r) — {Xii('")}i j=i ^ 
3x3 matrix. Even in this case, we can use the momentum space method to arrive at a generalized optical theorem 
with ease. 

Corollary 1.5 (Generalized Optical Theorem — Anisotropic Medium) Consider a spatial distribution of ( 



electric susceptibility tensor x {''') i ^ ^ 
port supp^ 
L2(supp'x';'! 



that is bounded sup^^jjs maxi<i<j<3 |xij(^)| < +oo o-f^d, has compact sup- 



Cl{r e R^l'^ir) + 
Z^) be defined by 



{BE){r) = E{r) 



} d 



Let the corresponding Born operator B : L^(supp x 



— lim - — — 



qx[qx P{q)] 



-iq r J . 



where P{q) = eo v {r)E{r)e^i - d^r. 



Im {E - BE, ^k^E) := Im <^ k 



n X 



|q|2 - (fc-^e)2 

Then, we have the following form of generalized optical theorem: 
E{r) - {BE){r)\ ■ 'x{r)E{r)d^r 



'x{r')E{r')e'^''-''' d^r' 



supp X 



dr2,V£; e i^(supp'x';C3). I 



1.2 



situation 



Next, we point out that the uniqueness theorem proved for dissipative homogeneous media (Theorem 
(A)) admits an immediate generalization to inhomogeneous media where sup^gs„pp^Imx('") < 0, and to anisotropic 



media where sup. 



r^^supp X 



Amaxpm X ('")] < 0- Here, Amaxpni x stands for the maximum eigenvalue of the real- 



valued and symmetric matrix Im x 

Nonetheless, it should be noted that situation (B) in Theorem 



1.2 



for non-dissipative homogeneous dielectric media 



does not allow direct generalizations to inhomogeneous dielectric. In other words, the topological condition about 
the connectedness of E'^ \ (F U dV) will no longer be conducive to the uniqueness of the solution. On pp. 259-264 of 
Ref. jl^, D. Colton and R. Kress discussed the non-uniqueness of the solution to electromagnetic scattering problem 
in a spherically stratified sphere, in which case x(r) = xd'^'l) only depends on the radial distance |r| and Imx('") = 
inside the inhomogeneous dielectric sphere. 

In |S1.2.2] we demonstrated the existence theorem for the light scattering problem in homogeneous media using the 
Riesz-Fredholm theory for compact perturbations of invertible mappings. It should also be noted that the existence 
theorems for certain types of inhomogeneous dielectric media have also been established in the literature using the 
Riesz-Fredholm theory. When the susceptibility xi""") is Lipschitz-Holder differentiable in the entire space, satisfying 
l^x(''') ~ ^'x('"')l ^ Li\r — r'|",Vr,r' S M'^ (0 < a < 1), the Fredholm operator in question can be resolved 
into the form of "identity + compact", as shown in Chapter 9 of Ref. [TT. When the susceptibility x('") is merely 
Lipschitz-Holder continuous in the entire space, satisfying |x('") — x('''')l — ^ok ~ r'|",Vr,r' g M'^ (0 < a < 1), the 
Riesz-Fredholm theory can still be carried out by considering the "symbol of a Holder continuous multiplier", as shown 
in Ref. IHI. 



S2. EVOLUTION SEMIGROUPS FOR ELECTROMAGNETIC SCATTERING 

Fi'om now on, we will mainly concentrate on light scattering problems for homogeneous medium occupying a 
bounded and open volume, with dielectric susceptibility x satisfying Imx < 0. 
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In |S2[ we refine the spectral analysis of the Born equation from the perspective of evolution semigroups. In |S2.1| 
we start by representing the solution to the Born equation using evolution semigroups (S2.1.1 1 and then proceed to 
demonstrate that the uniqueness theorem of the Born equation can be extended to the special point x = ^1 under 
reasonable geometric and physical constraints (S2.1.2I. In 



theorem of the Born equation to the half-line x ^ 
enhancement becomes unbounded. 



-1 exc 



S2.2 we will prove a surprising extension of the existence 
uding a critical point x = ~2, where the electromagnetic 



S2.1. Integral Representation of the Solution to Light Scattering 

S2.1.1. Evolution Semigroups, IVlean Ergodicity, and Fixed Points 

Proposition 2.1 (Integral Representation of the Solution) The solution to the Born equation (/ — xS)E — 
Einc has the following integral representation for Imx < 0; 

1 f^°° 

E^{i~ xOy'Einc - ^ / e'"/^ exp{-iTg)Ein, d r (2.1) 
«X Jo 

where {exp(— ir^) := '^'^^Q{—'iTQ)^ / sI\t > 0} is an evolution semigroup^'^ with infinitesimal generator —iQ. 

Proof From the existence theorem, we know that for every A' > 0, the operator (A'l+i^)"^ : LF'iV] C'^) — > L^{V', C^) 
is a well-defined bounded linear mapping, satisfying ||A'(A'/-|- iG)~^\\L^(V;C^) ^ 1-^^ Using the Hille-Yosida theorem 
(see Refs. |58l|59], as well as Ref. gl]. Chap. IX, Ref. [Sg, p. 249 and Ref. jg^, pp. 73-75), we may thus conclude that 
{exp(— zT^)|r > 0} is a contraction semigroup, which satisfies \\ exp{—iTG)\\L^{V;C^) ^ 1,Vt > 0, and this semigroup 
can be related to the resolvent by the following Bochner-Dunford integral: |61| l62| l63] 

(A'/ + ig)-^En,c = / e"^'^ exp{-iTg)Eir,c d r, where Re A' > 0. 
Now, setting X = —i/x, one obtains 

1 p + oo 

{i-xg)-^Ei^, = - e^"/'^exp(-zT^)£;i„cdT, where Re (zx) = Rc A' > 0. | 

*X Jo 



r'4-oo 

^X Jo 

Remark Here, if we define xjjT{i') = i/'(r; t) := {isyip{—iTQ)E\nc){f) , then we have the differential equation 



*^^-^^(^;-) = VxVx dV-t/.(r;r) (2.2) 

with initial condition ipo{f) = ip{r;0) = Eindf). By the generalized optical theorem, it is clear that we have the 
evolution equation for = || exp(— zT^)£?inc||^2(y.c3) as follows: 



^^-(V.,Vr)v = -2Im =-2Im(gVr,V'r)y = ^ n x J J J^xP,ir')e'''^-^ d'r' dn<0. 

We note that the monotonic decay in the amplitude || exp(r^)i^||s5 of the trajectory {exp(r^)i^, r > 0\F E S^} 
is a universal property for all contraction semigroups {exp(T^)|T > 0} acting on a Hilbert space io, because in a 



In our context, the variable r is dimensionless and has nothing to do with the elapse of physical time, so the term "evolution" has only 
a formal meaning. In general, the evolution semigroup {exp(— jr5)|r > 0} acting on L'^{V;C^) may also bear little resemblance to 
the Lax-Phillips evolution semigroup {Z(t) = P+U(t)\t > 0} acting on a generic Hilbert space f) in quantum scattering theory (see for 
example, Ref. |56], Chaps. I, III and V, or Ref [57], Chap. 9), where U(t) is a unitary transformation, and A|_ an orthogonal projection. 
The major difference is that the strong stability result limt^+ao(Z(t)X, Z(t)X)f, = holds for all X e f) in quantum scattering theory 
(see Ref. [56], p. 1 2), while the validity of hrar^+oc(exp(—iTQ)F,exp(—iTQ)F)Y = hinges on some subtle qualifications of F and V 
(see Theorem |2.1 1 . 

Hereafter, we juxtapose A' with —iQ and reserve the symbol A = i\' for the spectral analysis of the operator Q. 
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Hilbert space, the Hille-Yosida condition ||A'(A'/ + ^) < 1,A' > is equivalent to the dissipation condition 
{AF,F)fj + {F,AF)^ < 0,VF e ^, according to the Lumer-PhiUips theorem (see Ref. j6l] or Ref. (60], pp. 83-84). 
In the co ntex t of Hght scattering, the dissipation condition follows directly from the generalized optical theorem 
(Theorem [rT|. | 

Proposition 2.2 (Mean Ergodicity) So long as the volume V is open and bounded, we have the following limit 
relations 

T^+oo f £^M-^r{g + I))Fdr = Pkerce+z)-'". VF e L^V; C^) 
where the operator ^'i,(,r(e+/) ^'"''iecis a square-integrahle vector field to the kernel space 

k.ev{g+i) = i^EeL\V;C') \\{g + i)E\\mv-c-) = ^, where {{G + i)E){r) ■.= V x V x JJJ^^^i^^^^^^^^d^r''^ 
IfR-^ \iVU dV) is connected and JJJgy d^r ^ 0, th en we further have 

lim -/ cxp(-ir(g- A/))Fdr = 0, ^F e L^(y;C^), VA G (-oo, -1) U (-1, +c»). 



Proof We note that for the bounded strongly continuous semigroups exp(r^) (where A = ~i{G — A/) for some real 
number A € M) acting on a Hilbert space, the mean ergodicity theorem holds (see Ref. [60 , pp. 338-340). Accordingly, 
as T ^ +0O, the Cesaro mean ^ exp{TA)F dr converges to the projection P]f^cr{A)-^^ where ker(^) is the kernel 
space of the infinitesimal generator A. In other words, the limit of the Cesaro mean limT^^+oo ^ exp{TA)F dr = 
^kcriA)-^ e ker(^) is a fixed point of the entire semigroup: exp{TA) Py_^^,i^^F = -PkcrC^l-^' - ^■ 



According to Proposition 1.5 so long as the volume V is open and bounded, the kernel space ker(t/ -I- /) is 
infinite-dimensional, thus the projection operator j\cr(e-i-/) ■ L'^{V',C^) — > ker(^ -t- /) is non-trivial. According to 
Proposition 1.6 if M'' \ (V^ U dV) is connected and JJJgy d^r — 0, the kernel space kcr(^ — XI) = {0} is zero- 



dimensional for A e (— oo,— 1) U (— l,-|-oo), hence the associated projection operator -Pi5or(e-A/) ■ L iV;C ) — > {0} 
trivializes to an annihilation. | 

From the mean ergodicity result, it is clear that the the kernel space ker{Q + I) (i.e. the totality of fixed points of the 
entire semigroup {exp{—iT{Q + I))\t > 0}) calls for special attention. 

Proposition 2.3 (Characterization of Fixed Points) So long as the volume V is open and bounded, we have the 
following set inclusion relation 

ker{g + i)D{Ee L^{V; C^)\q x E{q) = 0, Vq G M^}; 
i/M^ \ {V\JdV) is connected and JfJ^y d^r = 0, th en we further have the identity 

ker{g + i)^{Ee L^{V; C^)\q x E{q) = 0, Vq G M^}. 

Proof First, we note that so long as the volume C M'^ is open and bounded, the set inclusion relation ker(^ + /) D 
{E e L^{V; C^)|q x E{q) = 0, Vq G R^} is an immediate consequence of the Fourier inversion formula 



Then, we can see that if M"^ \ (y U dV) is connected, the boundary has zero volume JJJgy d'^r = 0, and ||(^ 



/)£J||i2(y.c3) = 0, Eq. 1.21 in the proof of situation (B) in the uniqueness theorem (Theorem 1.2 1 may be adapted 
for the X — ~^ case, thus giving rise to 

^^^^qxE{q) VgeMn^'. ^i^eve fff d'q^O. 



As £^ G C°°(M^;C^) is continuous in q, we may extend the equality q x E{q) = to all q e R^. This proves the 
reverse set inclusion relation ker(^ + 1) C {E e L'^{V; C^)\q x E{q) = 0, Vq G M.^}. | 
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While -Pkor(e+/)-^ does not necessarily vanish for an arbitrarily given square-integrable field, we will show in S2.1.2 
that Pkor(e+/)-^ = is true for all transverse vector fields F € T{V; C^) := L'^iV; C^) H C°°{V; C^) n ker(V-) defined 
in a broad class of dielectric shapes. Given the indispensability of transversality in the physical formulation of the 
light scattering problem, we will highlight the Hilbert subspace ^{V; C^) := CI {T{V; C^)) as the totality of physically 
admissible vector fields. This Hilbert subspace ^{V; C^) forms the totality of vector fields that can be approximated, in 
L^-norm, by a sequence of transverse vector fields in the function space T{V; C^) = L^{V; C^) D C°°{V; C^) nker(V-). 



S2.1.2. Evolution of Physically Admissible Vector Fields — Extended Uniqueness Theorem 

Here, we will present a detailed investigation of the evolution of a physically admissible vector field F e ^{V; C^) 
under the action of the semigroup {exp(— ir^) — J27Lo{~''''''G)'' / ^^■l''' ^ 0}- 



To start, we point out that it is meaningful to narrow down the integral representation of the solution (Eq. 2.1 1 
to the Hilbert subspace ^{V;C^), as the following two lemmata will reveal that {X'l + ig)~^^{V;C^) C ^{V;C^) 
whenever Re A' > 0, and exp(-iT^)4>(y; C^) c <i>{V;C^)yT > 0. 

Lemma 2.1 For any bounded and open volume V, the operator Q : ^(V;C^) — > ^{V;C'^) is an endomorphism, 
satisfying 0^{V;C'^) C ^{V;C^). Accordingly, the semigroup action exp^—irQ) : <i>(V^;C'^) — > <i>(V^;C'^) is also an 
endomorphism, satisfying exp{—iTQ)^{V;C^) C ^{V;C^),\/t > 0. 

Proof First, we show that g{T{V;C^)) C T{V;C^). 
For any E G L^{V; C^) n C°°{V; C^), we define 



Sl.0.2 



We may use integration by parts to verify that CE e L'^{V; C^) C°°{V; C^), and (V^ + P){CE){r) = 
-E{r),\/r e V. Therefore, we have QE e L'^{V;C?) n ^^{V;^^). To demonstrate the transversality condition 
Oe e ker(V-), it would suffice to compute V • V x V x (CE) = 0. 

Now that we have confirmed g{T{V; C^)) c T{V; C^), and the continuity of C : L'^{V; C^) — > L'^{V; C^) entails that 
^(Cl(2l)) C CI (^(21)) for any subset 21 C L^{V;C^), we have gCl{T{V;C^)) C CI (^(r(F; C^))) c Cl{T{V;C^)) = 
^{V;C^), as claimed. Furthermore, as the infinitesimal generator —iQ : ^{V;C^) — > ^{V;C^) is a continuous 
endomorphism, it generates a semigroup that satisfies exp(— zT^)<i>(V^; C'^) C ^{V; C''), Vr > 0. | 

Lemma 2.2 For any bounded and open volume V, the operator {X'l + iQ)^^ : ^{V; C'^) — > ^{V;C'^) is an endomor- 
phism for Re X' > 0, satisfying {X'l + ig)-^^V;C^) C $(F;C^). 

Proof We will prove, a fortiori, that {X'l + ig)-^<i>{V; C^) = ^V; C^). 

Consider the operator A' / + iQ : ^{V;C^) — > ^{V;C^), which is a well-defined endomorphism between Hilbert 
spaces, owing to the fact that Q^{V;C^) C ^{V;C^). Now, one may apply the spectral analysis to the Hilbert 
space ^{V;C^), and decompose the complex plane into C = p'^{G) U <Jp{Q) U <jf{G) U af{Q). As the uniqueness 
theorem (situation (A) in Theorem 1.2 1 necessarily holds on ^{V;C^), which is a subspace of L'^{V;C^), we have 
A = iA'^cr*(^)forReA'>0. 

Meanwhile, it can be verified that / — 2? : ^{V; C^) — > ^{V; C^) remains a positive-semidefinite operator satisfying 
a'^{I — V) C [0,1], and 7 : ^{V]€?) — > <i>(F;C"^) is a compact endomorphism. Therefore, the Riesz-Fredholm 
argument is still vaHd for the operator X'l + iQ : C^) — > <^{V; <C^), X = iX' ^ [0, 1], leading to iX' e for 
Re A' > 0, i.e. {X'l + igy^^{V; C^) = ^{V; C^). | 

Remark The same argument in this proof can be extended to confirm the relation p{Q) \ [0,1] C p'^{Q) \ [0,1]. 
Meanwhile, it is also evident that (Tp{G) 3 '^p{G)^ ^-n eigenvector in the function space L'^{V\€?) may not 
belong to ^{V]'C^). Generally speaking, the Born equation (/ — xG)^ — -^inc with a physically admissible input 
Einc G C'^) is solvable for a wider range of x values than the Born equation with a mere energetically admissible 
(square-integrable) input £'inc G L'^{V;C'^). | 

Hereafter, our major interest will be devoted to smooth dielectrics satisfying the following topological and geometric 
requirements: 
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(a) The dielectric volume V = <e is a bounded open set with finitely many connected components 
Vi,...,Vn^ {Nv<+oo)- 

(b) Each connected component Vj has a smooth boundary surface dVj-^^ 

(c) The dielectric boundary dV — 9Vj is the union of mutually disjoint subsets dVi, . . . ^OVn^^ satisfying dVj n 
dVj> < j < j' < Ny. 



Proposition 2.4 For a smooth dielectric with connected exterior volume 
all F e ^{V]<C^). 



\ {V U dV), we have P^,,(g+i)F = fo 



Proof There are two immediate consequences of the geometric and topologica l con dit ions set forth in this proposition. 
First, as the compact smooth surface dVj has zero volume (see Corollary 



2.3 



S2.3.1 



we have JJJgy d^r 



d r = 0. Hence the smooth boundary surface dV must have zero volume, and we may arrive at the 



\q X E{q) = 0,V<7 G M.^} according to Proposition 



2.3 



Second, with a 



identity ker(^ + 1) = {E e L'^{V; 

connected exterior volume \ (F U dV) and mutually disjoint smooth boundary surfaces of distinct components 
dVj n dVj' = 0, 1 < j < j' < Ny < +00, we may verify that each connected component Vj has a connected boundary 
dVj, using the Alexander relation which counts the number of connected components. (See Ref. |65], pp. 384-387 for 
an analytic proof based on potential theory, or Lemma [273| in [82^3. 2| for an algebraic proof based on the Mayer- Vietoris 
sequence in the de Rham cohomology.) 

Now, for any E G ker(^+/), we smooth it out as E(^s) {f) — JJ fy E{r')>cs{r~r') d ^r' using the mollifier convolution 
kernel ks (see Ref. [66j, p. 36) given by 



x{r/6) 



with >f(r) 




exp[-(l-|r|^)-i] 



,jexp[-(l-|r|2)-i]d3r-' 



|r| <1; 
|r| > 1. 



(2.4) 



Here, the positive parameter S is chosen to be suitably small as compared to the spacings between 
different connected components Vj,j = l,...,Nv- Concretely speaking, by choosing 66 < Sq := 
min{(5v, mini<j<j/<jvv niin^gay^^^/gaVj., \r — r'\}, we may ensure that supp£J(5) d ^(ts) V LI {r + en{r)\r G 
dV, < e < 26}. Here, the "swollen volume" V^g-^ is constructed by expansion along the outward normal vectors 
n(r) of dV, and the parameter (5v > is determined by the geometry of the boundary surface dV (see the proof of 
Proposition 2.6 in S2.3.1 1. Using a corollary of the tubular neighborhood theorem (Corollary 2.4 in S2.3.1 1, one can 



. , Ny, with their 



in S2.3.1 1. Using a corollary of the tubular neighborhood theorem (Corollary 2.4 

verify that V^-^ has Ny connected components Vj U {r + en{r)\r £ dVj,0 < e < 26}, j — 1,2, . 
respective boundaries given by {r + 26n{r)\r £ dVj},j — 1,2, Ny, which are all smooth and connected surfaces. 

Hereafter, we may assume that Ny = 1, without loss of generality. Now that we have Ei^s) G ^o°(^(25)' '^^)' ^^'^ 
V X — holds on a connected open set V^g-^ with smooth and connected boundary dV^gy we can always pick 
a scalar potential with compact support /(^^ £ C^{V^gy,C) such that E(g'f{r) = V/(5)(r),Vr £ V(^sy The existence 
of such a scalar potential is guaranteed by the Poincare duality relation between the de Rham cohomology and the 
Alexander-Spanier cohomology, as explained by Proposition |2.7| in |S2.3.2[ 

For any F £ T{V;C^) = L^{V;C^) n C°°{V;C^) n ker(V-), and E £ ker{g + /), we may evaluate {F,E)y = 



lim, 



5^0+ 



[F,E, 



(5))V 



with the help of the following generalized Green identity (see Ref. |63, P- 206): 



{F,E(s))v= / // F*(r).V/(5)(r)dV+ / // /(,)(r)V • F*(r) d V = 



2(aV;C) 



(n-F|/(5))^i/2 



(aV;C)- 



Here, the last item represents the canonical pairing between n ■ F £ H^^/^{dV;C) and f(^s) G H^''^{dV;C), and it 
necessarily reduces to a usual Lebesgue integral H-^/^(dv-C){''^ ' ^\f{S)) H^/^{dv-C) ~ .^ay (''")"' ' F*{f)'iSI if F is 
smooth up to the boundary. For any bounded open set M (e M'^ with smooth boundary surface S = dM C M^, the 
Hilbert space i/^(E; C), s > is defined as (see Ref. [53, p. 37 and Ref. [69l, p. 147) 

F^(E; C) := {/ : E ^ C I ||/|k.(s;C) = ^J\\f\\h^j:,c) + k-''\\i-^^y^^f\\lHs-,c) < +^ } 



See S2.3.1 for the definition of a smooth surface. 
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where As is the Laplace-Beltrami operator on the surface S (see S2.3.1 for details), and ff~*(S;C),s > is the 
dual space of C), i.e. the totality of continuous linear functional acting on C) via the canonical pairing. 

For fixed n - F £ H^^/^{dV;C), the canonical pairing H-'^/^(dv-C){''^ ' ^\f{S)) H'^/^(dv-c) continuous with respect to 
variations of /(^j in the Hilbert space H^/-^{dV;C) equipped with the norm || • Wn'^/^iav-c)- particular, to show that 
{F,E)v = \\T[is^Q+{F,E{^s))v = 0, it would suffice to prove that limi-_o+ ll/(<5) ll_f/i/2(av/;C) = 0- 



For any 5 < So/6, we have || j:^i/2 



{dV;C) 



11/(5)11^1 



Hd{v+^,^^\{vudv)y,c) 



because the boundary d{Vf^^^^^ \ U 



dV)) — ^V^^^ygj UdV has two disjoint components, and G ^o^i^(2S)'' ^) ^o°(^(lo/3)' vanish identically 

on the component dV^^^^^y The values of ||/(5)||l2(S;C) a-nd ||(— As)^^'*/(5)|1l2(S:C) a-re not affected by the choice of 
either E = 9^ or S = d{V^jj^^ \ {V ^ dV)). (See S2.3.1 for the localization of (-As)^0 < s < 1 on a connected 
component of E.) Meanwhile, quoting the trace theorem (see Ref. p. 287 or Ref. j68], p. 39) for a bounded open 
set Mo = ^(i^-i/a) \ (^ U dV) with smooth boundary OMq, we have 



\\fiS)\\H^/^d{V+^^^^\{VudV))-C} - ll/(5)llHi/2(aMo;C) < ^So:V k^\\.f{S)\\l2^M„;C) + fiS)\\h{Mo;C^)' 

where the finite constant Cs^yy < +oo only depends on the fixed shape Mq = ^(Ig/a) \ U dV). On one hand, the 
approximation capability of the convolution kernel xg entails the following estimate 



(-5) 



^ *.''(5o/3)' > 



where we have zero-padded E{r) for r ^ V. On the other hand, we have the relation 

2/3 



1 /2V^'^ 

\\f{S)\\L^(V+,,\{Vudvy,C) = ll/(5)llL«(Afo;C) < II /(5) II (y+^ .Q <^[-j II V/(5) || ^2 .£3) 



(2.5) 



which can be derived from the Gagliardo-Nirenberg-Sobolev inequality ||/||L<'p/('i-p)(R<i;C) ^ Gd.pW^ fWLPlWiC) (^^e 
Ref. |26], p. 158, Ref. [28], p. 263, or Ref. [66], p. 103) for smooth and compactly supported scalar fields / e C^(M'*; C). 
Here, for d = 3,p = 2, we have dp/{d — p) = 6 and the constant €3^2 = (2/7r)^/'^/A/3 can be computed from the Bliss- 
Rodemich-Talenti formula |7Ql FfTl [72] . After we combine Eq. 2.5 with the nonexpansivity property of the convolution 
||V/(5)||^2fy+ .^3) = \\E(s)\\L2,y+ .^3) < 1 1 -E 1 1 ^2 (y ) (see Theorem 2.16 in Ref. [29]) and the Holder inequality 

^ (^0/3)' ' ^ (5o/3)' ' 

that relates L^-norms with different powers \\fis)\\mv+,^\{vudv)-c) ^ \\f{S)\\L<>{v+,^\(vuav);C)iIIIv+,^\{vudV) d^r)i/3 
(Theorem 2.3 in Ref. [29]), we obtain the estimate 



l/(5)IU2(Mo;C) - 11/(5) llL2(y+_,j\(yuay);C) 



< 



/3 Vtt 



/3 



2/3 



2/3 



i£;i 



L2(y;C3) 



-E||L2(y;C3) 




1/3 



v+\(vuav) 



dV 



[l~2eH{r) + e'^K{r)]dS] de 



1/3 



0, &s5^ 0+(.2.6) 



Here, with the substitution f = r + en(r), we have represented the volume element as d'^r = [1 — 2eH{r) 
e'^K{r)] dS'de, where H{r) and K{ r) stan d for the mean curvature and Gaussian curvature of the boundary surface 
at point r G dV, respectively. (See S2.3.1 for detailed explanations.) In passage to the (5^0+ limit in Eq. |2.6 



have also exploited the fact that the surface area of dV is finite <^Qy dS < +oo (see Corollary 
proof) . 

Clearly, the above quantitative arguments lead us to the conclusion that 



2.3 



m 



S2.3.1 



(F,E) 



lim {F,E, 



{S))v 



0, yE Gker{g + i),yF eT{V;C^). 



for a 



(2.7) 



The Hilbert spaces H'',s > may be regarded as generalizations of the Sobolev spaces ly"'^ , m = 0, 1, 2, . . . to accommodate "fractional- 
order derivatives". 
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In particular, for E = P^^,i^g+j)F £ ker(5 + /), we have {F,E)v = {F, P^^^^.^g^j-^F)v 
0, which indicates that P^^gj.(^g_^j^F = for all F G T{V; C^). Meanwhile, by continuity, we may extend Eq. 



2.7 



to all 



F € ^{V; 



Cl(r(F;C3)), which also implies the result Pkor(e+7)-P' = ^ for all F € C^). 



Remark Prom this proof, we see that if a bounded, open and connected set V has a smooth and connected boundary 
dV, the orthogonality relation {E,F)v = holds for any E e L'^{V;C^) satisfying q x E{q) = 0,Vq € and any 
F e T{V; C3) = L^{V; C^) n C°°{V; C^) n ker(V-). 

It should be noted that this procedure may fail if we dispense with the topological constraint on a connected 
boundary. Consider, for example, a spherical shell V — 0(0, i?2)\Cl (0(0, i?i)) (s with an inner radius i?i > and 
an outer radius i?2 > with smooth but disconnected boundary surface dV. The vector field F{r) = r/\r\^,r G V 
is both divergence-free V • F{r) = 0,Vr S V and irrotational V x F{r) = 0,Vr G V. It has vanishing tangential 
components on the boundary n x F{r) = 0,Vr e dV, so 







n X [F{r)e"i-'']dS ■ 



av 



V X [F{r)e"i-'']d^r 



^iq ry X F{r) d 'V + iqy. F{q) = iq x F{q) 



also holds for any q G M?. Now, setting E = F e L'^{V; C^) which satisfie s q x E{q) = 0,Vq G and F G T{V;C^), 
we have {E,F)y = {F,F)y > 0. According to Proposition 2.7 of S2.3.2 a connected and smooth boundary surface 



not totally indispensable. In |S2.3.3 



dV suffices to forestall the anomalies in such a counterexample, i.e. a divergence-free and irrotational vector field F 
that has vanishing tangential components on the boundary must vanish identically in that scenario. 
During the proof of Proposition 



2.4| the smoothness assumption for the boundary surface dV is convenient, but 
we show that for a certain class of dielectric shapes without a smooth boundary, 
the conclusion ^i5oi(e+7)-^ — 0,Vi^ G T{V;C^) remains valid. In the light of this, we may say that the driving force 
for the orthogonality condition (Eq. |2.7| is more topological than geometrical. | 

Proposition |2.4| shows that the action of the evolution semigroup on physically admissible vector fields leads to an 
asymptotically vanishing (in the sense of r-average) trajectory {exp{—iTQ) F\t > 0}. 

Corollary 2.1 (Mean Ergodicity for Physically Admissible Fields) For a smooth dielectric with connected ex- 
terior volume M.^ \ {V U dV), we have crj(^) n M = 0. Accordingly, we have the mean ergodicity result for physically 
admissible fields 



lim — 

T^+oo T 



To+T 



exp{-iT{g - Xi))FdT ^0, To>0, VF G<^{V;C^), VA G 



Proof As shown in Proposition 2.4 any square-integrable solution E G L'^{V;C^) to the equation \\{Q + 
I)E\\l2(^v-c^) = must be orthogonal to ^{V;C^): {E,F)v = 0,VF G <^{V;C^). Therefore, there IS no non-zero 
member F G ^{V; C^) that may solve the eigenequation {Q + I)F — 0, meaning that —1 ^ cr*(^). For A G K \ {—1}, 
we have A ^ (^) according to the uniqueness theorem (situation (B) in Theorem 1.2 I and Proposition 1.6 This 
proves that (Tp{Q) n 

;!^) for every Tq > and F G <i>(F 



According to Lemma 2.1 we have exp(— iTo(fJ — XI))F G ^{V; 



), so the mean 



ergodicity statement in Proposition |2.2| can be adapted to show that the vanishing limit 



lim — 



exp{~iT{g - A/)) exp(-iTo(^ - A/))Fdr = 



must hold. 



Remark It is worth noting that we have —1 G ap{Q) , dimker{i + G) — +oo for Q : L^{V; C^) — > L^{V; 
to Proposition [ls] while we have -1 ^ cr*(^),dim[ker(/-|-^)n$(y; C^)] = for 5 : '^{V; C^) — > ^{V; 



Z^) according 
Z^) according 

to Propositions' 2!S and 2.4 This shows that the spectral role of the point 1/x = — 1 has shifted dramatically from an 
eigenvalue of infinite multiplicity with respect to the Hilbert space L'^{V;C^) of energetically admissible vector fields 
to a non-eigenvalue with respect to the Hilbert subspace ^{V; C^) of physically admissible vector fields. Although 
the Born equation may appear "seriously singular" for vanishing relative permittivity er — 1 -I- x = in the Hil bert 
space L^{V; C^) (which has been classified as "essential resonance" in Ref. |72), we see from Propositions 



2.8 



and 



2.4 



that such a "serious singularity" is effectively mitigated jjv t he physical admissibility condition in the Hilbert subspace 



l^). In a moment, we will see that Proposition 
-f X = is not physically singular, after all. | 



2.4 



can actually be sharpened into —1 G p (G), so the case 
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S2.2. Smooth Solution, Optical Resonance and Strong Stability — Extended Existence Theorem 



We note that restricting the Born equation to physically admissible fields F £ ^{V; C'^) brings some additional 
benefits that are not warranted by the energy admissibility (square-integrability) alone. Three notable bonuses are 
the smoothness (infinite differentiability) of the solution, universality of spectral structure cr*(^) \ cr* (^) C {0, —1/2} 
and the strong stability limT-^+oo || exp(— iT(?)i^||i2(v';C3) = 0, Vi^ € ^{V\ C'^) of the associated evolution semigroup. 



Proposition 2.5 (Smooth Solution to Light Scattering) If the incident field is a smooth and divergence-free 
vector field defined in a hounded and open volume V d , i.e. E-.^^ e T{V;iC'^) = L'^{V;iC'^) n C°°{V;iC^) n 
ker(V-), then the solution to the Born equation (/ — xQ)~^E'mc also smooth and divergence-free, i.e. we have 
{I -xG)~^T(y;C^) C T(y;C^) whenever l/x e p*(^). 



both hold, we have 
/) + 7 and show that 



Proof It would suffice to show that when Ei^c & T{V; C^) and E = {I - X0)"^-Einc e <^{V; 
{I — xG)^^Einc € T{V;C^) as a result. To confirm this, we use the decomposition Q = {V 
(2? — I)E is always a smooth vector field satisfying the Laplace equation, for all E E ^{V; C"^). 

First, we note that for a twice continuously differentiable vector field VE € C^iV; C'^), the vector identity V x V x 
{VE) — —V'^{'DE) + V[V • {'DE)] holds, where all the derivatives are taken in the classical sense. Therefore, for any 
E e T{V\ C3) ^ L^{V; C^) n C°°lV; C^) n ker(V-), we have 



{{V-I)E){r) = V X V X 



-d^r' -E{r') = V 



V 



E{r') 
AttW — r 



■dV 



r£V. 



We claim that {V ^ i)E e b^{V;C^) := L^{V;C^) nC°^{V;C^) nkei-{W^) = {F e L^{V;C^) nC°°{V;C^)\W^F{r) ^ 
0,Vr e V}, where bP{V;C^) denotes the Bergman space of power p> 1 (see Ref. |71], p. 171 or Ref. [75]). This can 
be shown by picking any enclosed open ball 0{r^,,e) C V, and applying the Gauss theorem in vector calculus, as 
follows: 



iiV-I)E){r)^V 



V • 



V\0{r, 



E{r') 
AttIv — r' 



dV 



dO(r,,e) 



[n' ■ E{r')]y' 



1 



47r r — r' 



■dS'. 



For r e 0(r*,e/2), one can always differentiate under the integral sign to arbitrarily high order, so as to conclude 
that {V - i)E e C°°{0{r^,e/2);C^), and the Laplace equation V^HV - I)E){r) = 0,Vr e 0(r*,e/2) holds. As 
0(r»,e) is chosen arbitrarily, this shows that V^((X' — I)E){r) = 0,Vr e V. 

Then, we point out that for all E e <i>{V;C^) = C\{T{V;C^)), we have {V - i)E £ {V - i)Cl{T{V;C^)) C 
CI ((P - i)T{V; C^)) C CI (b2(y; C3)) = b^{V; C^) = L'^{V; C^) n C°°(y; C^) n ker(V2). This is because {V - 1) : 
L'^{V; C^) — > L'^{V; C^) is continuous, and the Bergman space b'^{V; C'^) — CI {b'^{V; C"^)) is a closed subspace of the 
Hilbert space L'^{V;C^) (see Proposition 8.3 in Ref. |74]). Thus, for l/x £ p{G), we have the Born equation 

E{r) = £;ine(r) + x(7-E)(r) + x{{T> - I)E)ir), Vr £ V, 

where E ^ {I ~ xQ^^E-,^^ £ ^{V\<C^) = G\{T{V]<C^)) and {V - i)E £ b'^{V]<C^). Using the Cauchy-Schwarz 
inequality, one can verify that ^E £ C''(M'^; C'^) for all square-integrable vector fields E £ L^(V^;C^). Therefore, 
all the three terms on the right-hand side of the Born equation belongs to C°(V^;C'^), hence E £ C^{y;€?). Using 
differentiation under the integral sign, one can check that E £ C^{V;C'^) n L?{V;C^) entails ^E £ C^{V;C'^), so 
E ^ {i - xGy^Ein^ £ C^V;C^). By induction, we may deduce E = {I - x^)"^£^mc e C"'+^V;C^) from the 
assumption that E £ C™(F; C^) for all to = 0, 1, 2, ... , using differentiation under the integral sign and integration 
by parts. Hence, we may conclude that the solution to the Born equation is a smooth vector field E = {I—xG)~^Einc £ 
L2(y;C3)nC°°(l/;C3). 

Taking divergence on both sides of the Born equation, one thus confirms that E £ ker(V-) as well. This shows that 
the solution E ^ {I - x^)~^-Ei„c G L'^iV; C^) n C°°(y; C^) n ker(V-) must also be a transverse field. | 

Now we will state and prove the "optical resonance theorem" — a technical result that both outlines the structure 
of the spectrum (t'^{G) and implies the strong stability of the operator semigroup {exp(— iT^)|r > 0} acting on the 
function space of physically admissible vector fields ^{V; C^). 
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Theorem 2.1 (Optical Resonance in Light Scattering) For a smooth dielectric volume V <e R^, the operator 

g{i +2g) : $(y;C^) > <^{V\C'^) is compact, and cr*(^) C crp(^) U {0,-1/2}. The solution to the Born equation 

{I — xQ)E — Einc G ^{V; C'^) can be represented as 

fff F(C;r')e-'*l'-'''l ^3 , 



E{r) ^ F(C;r) + 2^ -V x V x /// / d^r', Vr G V, 

n2 + l 777^ 47r|r-r'| 

«;feereC^ , = 1 + X, l/xeC\(7*(^) (2.8) 

+ 1 

whenever F{<^; r) = ((/ — C^(-^ + 25))~^£^inc)('") *s well-defined. Each Cartesian component of the vector F{(^; r) is 
a meromorphic function 0/ G C, with a discrete set of isolated singularities {Cs|s = 1:2, . . .} corresponding to the 
"optical resonance modes". 

Proof The proof will be divided into two parts. In Part I, we show how the compactness of the operator 0(1 + 2Q) : 
^{V; C^) — > ^{V;C^) leads to the rest of the conclusions; in Part II, we elaborate on a long and technical proof that 
the operator 0(1+20) : ^{V;C^) — >■ $(F;C^) is indeed compact. 



PART I Recalling the Riesz-Schauder theory for the spectrum of compact operators (see Ref. jl^ or Ref. |44] . 
pp. 283-284), we have a countable set cr*(^(/ + 2g)) = {0} U a*(^(/ + 2^)) = {0}U {/i^ls = 1,2,. . .} with {0} being 
the only possible accumulation point. Owing to the spectral mapping theorem (see Ref. ^44^, p. 227), we have 

cT^mi + 2g)) = {A(l + 2A)|A e a-^iG)}. (2.9) 

We note that every A( 1+2 A) e cr*(g(/+2^))\{0} leads to a pole of the resolvent [zi-g{i+2Q)]-'^ : $(O(0, i?); C^) — > 
<i>(O(0, i?);C^) at z = A(l + 2A) (see Ref. p. 286). Consequently, the algebraic factorization 

(A/ - g)-^ ^ [A(l + 2A)/ - g{i + 2^)]-i[(l + 2A)/ + 2g] (2.10) 

reveals that every A e cr*(^) \ {0, -1/2} must also lead to a pole of the resolvent {zl - g)-^ : $(O(0, R);C^) — > 
$(0(0, i?); C'^) at z = A, thereby giving rise to an eigenvalue of g with finite multiplicity. In other words, we have 
the following relation 

a*(^)\a*(g)c {0,-1/2}. (2.11) 



Combining the clues in Eqs. [iiop we may conclude that (7^(0) C Cp(^) U {0,-1/2} is a countable set, with 



{0, —1/2} being the only possible accumulation points in (t*(^'), as well as the only possible points in the continuous 
spectrum af{g) C {0, -1/2}. 

Dividing the algebraic factorization (Eq. 2.10[ | by x, we obtain Eq. 2.8 as claimed. The absence of finite accumulation 



points in the set {( G C|l/C G dp {g {I + 2g))} indicates that the totality of singularities for the vector field F(C; r) 

{{I — CG{i + 2^))~^£^inc)(''') is a discrete and isolated set in the complex C-plane. Each singularity of F{(; r) in the 
complex C-plane is a pole of finite order (as opposed to essential singularity) , because 1 /^ corresponds to an eigenvalue 
of the compact operator 0(1 + 2g) : ^{V; C'^) — > ^{V; C'^). Therefore, F(C; r) is a meromorphic function of ^ G C, 
with isolated singularities. 



PART II We note that 

g{i + 2g) - (^ - 7) (/ + 2{g - 7)) = 7 + 2^7 + 27^ - 2f (2.12) 

is a compact operator, as each addend on the right-hand side of Eq. |2.12| is a composition of a compact operator with a 
bounded operator, thus also a compact operator in its own right. Therefore, we may establish the compactness of the 
operator g{i+2g) : ^{V; C^) — > ^{V; C^) by proving that the operator {g-^){i+2{g-^)) : ^{V; C^) — > <^{V; €?) 
is compact. We will fulfill this task by the justification of the following two claims: 



(i) Define a family of cut-off operators parameterized by e G (0,ey] as follows 
U(e)i^)(r) 



((g-7))F)(r), r G V^^j := F \ {r = r« - £'n«(r») |r« G 9^, < e' < e}; 

0, ^^y\y[ey 



where the positive pa ram et er Sy > is determined by the shape of V according to the tubular neighborhood 



theorem (Proposition 2.6 in S2.3.1 1, such that dV, s = {r = — en} {r'^)\r'*' G dV} is a smooth surface for all 
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e £ (0,2ey], with bounded area §gy- dS < 2Y,^Zi §qv '^^ < +00?^ Then the operator A(e) ■ '^{V;C^) 
L'^{V;C^) is compact for e S (0,ey]. 

(ii) Let P : L'^{V;C^) — > Cl(ran*(^ - 7)) be the orthogonal projection operator, and 7t.(£) : L'^{V;C^) 
L^(V(g); C^) C L'^{V; C^) be the restriction operator defined by 



F{r), reV^-y, 
0- reV\V^:^, 



then both operators P,TZ(^-) : L'^{V;C'^) — > L'^{V;C^) are Hermitian, and the family of compact operators 
{^(e) = Pn^,){i +2{g - j))A(^,)P : ^{V;C^) — > ^{V;C^)\e G (0,£y]} converges uniformly to the operator 
(G - 7)(/ + - 7)) : C^) — > <i>{V; C^), in the following sense 



lim 



sup 
Fe$(y;C3)\{o} 



\{g - 7)(/ + 2{g - 7))F - IC(,)F\\l2^v;C^ 



\\F\\l2{V;C3) 

Hence, the operator {G - + 2{g - 7)) : ^{V; C^) — > ^{V; C^) is compact as well 



0. 



(2.13) 



Proof of claim (i): For any F G ^{V; C^), we may express {Q—j)F as the gradient of a harmonic function {Q—^)F 



Vh,h G b^{V;C) n W^^'^{V;C). It satisfies the bound estimate ||Vft,||i2( 



= ||(5-7)F|U.( 



■^3^ < II F| 



L2(y;C3), 



according to Lemma 1.1 Using the Gagliardo-Nirenberg-Sobolev inequality ll/ill^ei-jjs.c-) < (2/7r)^/'^3 ^^^|| Vft-||i2(-jj.'!.(;3-) 

1/3 

and the Holder inequality ||ft.||L2(y.c) < ||ft-||L6(v';C) {JJJy d'^r) , we then arrive at 



\l2{V;C) < ll/llUeCRS;! 



dV 



1/3 



< 



\/3 V^r 



2/3 



-F'||l2(V;C3) 



dV 



1/3 



(2.14) 



For the "pinched volume" V^^^^ (s V, we have the interior regularity estimate (see Ref. (3^, p. 237 or Ref. j27], P- 379) 



< a 



\h\\L2{V-C) 



|V2/l||i2( 



V-C) 



Combining the Laplace equation V^h{r) = 0,Vr G with Eqs. 



2.14 



and 



2.15 



C£,fc;y < +00. 

we obtain the estimate 

2/3 



(2.15) 



d> 



1/3 



In other words, the mapping A{e) ■ ^{V;C^) — > W^''^{V^^y,C^) is continuous. Meanwhile, the natural inclusion map 
L : W^''^{V^y,C^) — > L^(V^~^;C^) is a compact operator provided that the boundary surface dV^^ is smooth (see 
Ref. [26], p. 171 or Ref. (27], p. 286 for the Rellich-Kondrachov theorem of compact imbedding). Accordingly, the 
mapping A(^s) : ^{V; C^) — > L'^{V^y C^) is the composition of a continuous operator with a compact operator, hence 

■^{e) ■ ^iV;C^) — > L'^{V;C^) is a compact operator. 

Proof of claim (ii): Our main goal is to use an integral representation of the sesquilinear form {K-i^^-^F, F^)v, F, F^ S 

^{V;C^) to prove that the set of operators {IC^ev/s) = Pil{ev / s){i + '2-{Q - l))A[ev /s)P : <^{V;<C'^) — > ^{V;<C^)\s = 
1,2,.. .} forms a Cauchy sequence with respect to operator norm: 



lim 



sup 

FSe*(y;C3)\{o} 



(V;C3) 



\FHmV;C^) 



0. 



(2.16) 



During the later stages of this proof, we keep using AS for the surface element of a parallel surface other than the boundary surface 
dV. Meanwhile, we will drop the tilde for f and use r to denote a point in the dielectric volume V, so long as this substitution does 
not lead to ambiguities. 
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Therefore, the sequence of operators {Ai^f ey/s) ■ ^{V;C^) — > ^{V;C^)\s = 1,2, . . .} is convergent with respect to 
operator norm. We then claim that Eq. |2.13| is an immediate consequence, because we have the following strong 
convergence result for every individual vector field £ ^{V; C^) : 

lim ||(g-7)(/ + 2(g-7))F^-K:(,)F^|U2(,/.c3) - lim + 2(g - 7))(^ - 7)PF^ - ^(,)F^||i2(y.c3) = 0, 

according to the absolute continuity of convergent integrals. The main goal in the proof of claim (ii) will be accom- 
plished in two steps, as elaborated below. 
[T] In the first step, we will establish the identity 



(/C(,)F,F»)y = (fP {[n X Uir)] ■ [V x Q(,)(r)] - [n • i7(r)][V • Q(,)(r)]}d5 (2.17) 

where 



U{r) := (((?-7)(PF)*)(r) = V 



V./// I^d3/ 

in\r — r'\ 



Before proving Eq. 



2.17 



we need to work out some analytic properties of the vector fields U and <5(e), and derive 
ions for the scalar field V •(5(e) as well as the vector field V x Q(e)- Following the arguments 



surface integral representa 

carried out in Proposition [2^ we may check that U G C°°{V;C^) n ker(V-) n ker(Vx) n L'^{V;C^) C b'^{V;C^). 
Meanwhile, by definition, for every E S ran*(^ — 7) C b^{V; C^), we may write E — — Vu where the scalar potential 
u G b^(y-C) n Vl^^'^(F;C) is a smooth function, so we have V x E{r) = 0,Vr G V, whenever E G ran*(^ - 7). We 
can further show that V x {PF^){r) = 0, Vr G F for all i^'' G ^{V; C^), by approximating the harmonic vector field 
PF''^ G Cl(ran*(^ — 7)) C b'^{V;C^) with a sequence of harmonic irrotational vector fields {Eg G ran*(^ — 7) C 
b'^{V;C'^) n ker(Vx)|s = 1,2, . . .} and exploit the Bergman space inequality (see Ref. |74], p. 172) 

C^' 1 1 PF^ E I 

\{D>^PF^){r) - {D'^Es){r)\ < [^ist (r, 9F)]5/2 ^""'^ ' ^' < I/"' ^ ^""^ '= J^av ~ ""'I- 

Here, we note that the L^-convergence limg^oo H-P-F'' — £^sI1l2(v/;C3) — implies the pointwise convergence |V x 
(PF'i)(r)| = lim^^oo |V x {PF^){r) - V x Es{r)\ = 0,Vr G V. In the light of this, we may verify that PF^ G 
C°"{V; C^) n kcr(V-) n ker(Vx) is a smooth, divergence-free and irrotational vector field, leading to the expressions 

V.Q(.)(r)=£_ -;;^(f^)y dy and V x Q(.)(r) = £_ ^^^^^^ d VF G <i>(F; C^), (2.18) 

as well as the assertion that both V-Q(e) G b^{V^-y,C)nW^'^{V^-yC)nC"{V^-^UdV-yC)andVxQ^^) G b^{V^-yC^)n 
W^'^{V^y,C^) n ^^(V^"^ U dV^y,C^) are continuous up to the boundary dV^y To explain the last assertion in more 
detail, we need to clarify three points: (1) We have the relation 

I — / 3 \ 

\\PF\\lHv,: -C^)<]J^(III_ [dist(t,ay)]0 ll^^"ll^^(^^c3)<A,;v||F«|U.(^.;C3), where < +00, 

according to the Bergman space inequality (see Ref. [71], p. 172) 

(2) We have the estimate || (« • V)(t> • V)Q(e) ||^6(v--^.C3) = ||(m • V)(t; • V)A/'7^(£)PF«||^6(y-^.C3) < 
C'^ g\\PF^\j^e,y- .^ssjVUjV G {ex,ey,ez} according to the Calderon-Zygmund inequality (see Theorem 9.9 in 
Ref. [2^ or Theorem 10.2.1 in Ref. |30]); (3) When AI d M'^ is a bounded open set with smooth boundary, we have 
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the Sobolev imbedding relation ^^'^(Af; C*') C C°(M U SM; C^') for d' = 1, 3 (see Ref. |66], p. 85), along with the 
Sobolev inequalities 



<C'ly\\F^L2(V;C^). (2.20a) 

coiv-udvr,c^) - ™ax |VxQ(,)(r)|<C''||Vxg(,)||^,,6(v-.c3)<C^';yllF»|U2(y.c<^.20b) 



W"^ ■Q{e)\\c«(vr,udvr,;C) '■= ^ax |V • Q(e)(r)| < C"||V • 
||V X g(. 



with a finite constant C'J.y < +oo applicable to all F £ ^{V; C^). 

To start the proof of Eq. 2.17 we use the abbreviations /* := -V • {M{PF)*) and -V • {MTZ^^^Pf'^) = 

— V • Q{e) in the following vector algebra computations 

[n X U{r)] ■ [V X Q(,)(r)] - [n • i7(r)][V • Q(,)(r)] = 4)(r)[n • V/*(r)] + n • {V/* (r) x [V x Q(e)(r)]} 
= 4)(r)[n • V/*(r)] - n • [/*(r)V x V x g(,)(r)] + n • V x [/*(r)V x Q(,)(r)] 

= n • [/*(r)7^(,)PF^(r) + /*(r)v4)(r) + 4)(r)Vr (r)] + n • V x [/* (r)V x g(,)(r)], Vr e ^(7,. (2.21) 

As we have JE^- n • V x [/*(r)V x Q(e){''')] (15 = 0, Ve' G (e, 2ev] for a smooth vector field /*V x g(g) on a smooth 
boundary surface 9V^,y we may establish the truthfulness of Eq. 2.17 by integrating Eq. 2.21 in the following manner 



dv, 



{[n X J7(r)] • [V x g(,)(r)] - [n ■ i7(r)][V • g(,)(r)]}d^ 



2eJ?le+3 - ^^r{r)n(e)PFKr) + r{r)Vfl^{r) + fl^{r)Vr{r)]d~S 



lim 

2ev>e'^e+Q 



{V • [r (r)7^(,)PF«(r)] + V • [r (r)V/« (r) + /f (r)Vr (r)]}d3r 



[V/*(r) •PF«(r) + 2Vr(r) • V4)(r)]d3r 

> 

(i(,)PF, (/ + 2(^ - ^))%^Pf^)v = {Pnie){i + 2(g - 7))Ae)^^> ^">v - (^(e)-F^, J^*)^- (2-22) 



Here, in the first step of Eq. 2.22 we have employed the fact that both V • Q(e) and V x Q(e) are continuous in the 
compact set U dV^^^ . 

[2] In the second step, we will estimate the convergence rate of Eq 



2.17 



as 



de 



<a||F|U2(^^c3)||i^lL^(y;C3), VF,F« e<i>(V^;C^),ee (0,£v] 



(2.23) 



for some finite constant < +00 solely determined by the geometry of the volume V . 

By differentiation under the integral sign on the right-hand side of Eq. |2.17[ we can show that 



5(%)F,F«)i 



de 



dvr 



[n X U{r)] 



dv-^ 47r|r - r'l 



- [« • U{r)] 



V • 



dV- 47r|r-r'| 



dvr 



{U{r) ■ V[V • g(,)(r)] + U{r) • V x V x g(,)(r)}d^, Ve e (0,£y], 



I d5 
(2.24) 



where the notation ^''§0^- " is short-hand for ^^\m\2ev>e'^e+Q §av- "• The first term on the right-hand side of 

(£+0) - (e') 

Eq. |2.24| arises from the dependence of r' on e, while the second term is attributed to the dependence of r on e. Using 
the vector identities V(a • b) = (a • V)6 -I- (6 • V)a -I- a x (V x 6) + 6 x (V x a), V x (a x h) ^ a (V • b) - b(V • a) + 
{b ■ V)a — (a ■ V)b, the geometric relations Vxn==0,V-n = —2H{r) (see Eq. 2.37 in S2.3.4I, together with the 
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integral expressions for V • Q(e) and V x Q^^j (Eq. 2.181, we may convert Eq. 2.24 into the following form 

d{IC^,)F,Fi)v 



de 



U{r) ■ V 



(6 + 0) 



dvr 



{n'-n)-{PFi){r')_^~, 



dV, 



2H{r)U{r) 



dV, 



47r|r — r'l 
- 47r|r — r'l 



i7(r) • V X 



dv- 



av,: 



47r|r — r'l 



dS* 



d5 + 2 



dv- 



U{r) 



av, 



- 47r|r — r'l 



n} dS. (2.25) 



Now, we may use the decomposition of normal and tangential components of a vector field to arrive at the following 
expression 



av- 



(PF»)(r') 

— -db = n 

47r|r — r'l 



ov- 



^^li^^d^'-nx 
47r|r — r'l 



ov- 



nx{PFi){r') 
47r|r — r'l 



^ N . ^ N ^ |n(n- n') - n X (n- n')l • (PF»)(r') ~, 
n(V • Q(,))(r) - n X (V X Q(,))(r) + LA > >^ ^ >-^dS', 



and combine it with the geometric identities n ■ [{a ■ V)n] — and W{a) := —(a • V)n = — {[(n x a) x n] • V}n (see 
Lemma|2.4|in|S2.3.4|| to rewrite Eq. |2.25|as below: 



de 



av, 



2H{r)U{r) ■ [n(V • Q(e))(r) - n x (V x Q(,))(r)] d 5 + 2 ^ (7(r) • W^(n x (V x Q(,))(r)) d 5 



(e + O) 



avr 



avr 



9v- 



2H{r) I [n ■ U{r)] 



U{r) - win 



avr 



(n-n').(PF»)(r') ^^, 
47r|r — r'l 



[n X (7(r)] 



(n-n')x(PF«)(r')^~,,^^^^ t/(r) • V 



47r|r — r'l 



(n-n')x(PF8)(r') ^^, 
avz, 47r|r-r'| 

(n' -n) • (FF«)(r' 



avr 



avr 



47r|r — r'l 



dS 



dS' 



dS 



U{r) ■ V X 



dv- 



dv- 



{n'-n)x{pFi){r') 
47r|r — r'l 



dS*. 



(2.26; 



We can prove Eq. |2.23| by deriving bound estimates, term by term, on the right-hand side of Eq. |2.26| 
Using the Gauss theorem in vector calculus, we may argue that 



avr 



2H{r)U{r) ■ [n(V • Qu)){r) - n x (V x Q(,))(r)] d^ 



av, 



2H{r)U{r) ■ [n(V • Q(e))(r) - n x (V x Q(e))(r)] d ~S 



(2ev) 



t/(r).{V[2H(r)(V-Q(,))(r)] + Vx [2i/(r)(Vxg(,))(r)]}d3r, VeG (0,ey] (2.27) 



v) 



is bounded by a certain constant multiple of ||f ||^2(-y.c3;) ||F^||^2( y.c3) . Here, the Bergman space estimate (Eq. 2.191 
is applicable to the surface integral on the right-hand side of Eq. |2.27| as 



av. 



2H{r)U{r) ■ [n(V • Q(,))(r) - n x (V x Q(,))(r)] d ~S 



(2ev) 



,r£av. 



(2ev) 



<2 max \H{r)\(tf) dS] max \U{r)\ max [|(V • Q(^))(r)| + |(V x Q(,))(r) 



av. 



(261/) 



redV, 



(2ev) 



reav. 



(2ev) 



— uisx \H{r) 



2n 



, reav, 



(2ev) 



dS 



\\U\\l^V:,C^) (||V • Q(e)llL2(y-^.c3) + ||V X Q(£)|li2(v-j.c3)) 



av. 



(2ev) 



(2ey)3/2(2ev-e)3/2 
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We may write this bound as B^y-v\\F\\i^2(Y-^c^)\\F^\\]^-2(y.£3), where a finite constant B^^.y applies to all e € (0,ev]. 



The Cauchy-Schwarz inequality is applicable to the volume integral on the right-hand side of Eq. 2.27 



U{r) ■ {V[2i7(r)(V • Qi^,)){r)] + V x [2H{r){V x Q(,))(r)]} d 



(2ev) 



< WW, 



< 2||f/|| 



|V[2H(r)(V • Q(,))(r)] + V X [2i7(r)(V x Q(,))(r)] P d 3r 



max |ViJ(r)| 



I|V(V • Q(e))\\mv-^\V-^^^y,C^) + IIV X V X Q{e)\\L^{v-^^\v^-^_^y,C^) 
11^ • '3(£)llL2(y-^\y^-^^^.c) + IIV X Q(e)\\L^(v-^\v^-^^y,C'>) 



< 2\\U\\L^y,C-) { max |H(r)| || V(V • Q(,))| 



|V X V X Q(,)|l 



■ max |Vff(r)| ||V-Q(,)||^.(^,- c) + llVxQ(e)llL2(K-.c3) < S^>.;yll-F^llL2(y;C3)||-F»||i2(V;C3)- 



Employing the Gauss theorem for the second term on the right-hand side of Eq. |2.26| we find 



dvr 



U{r) ■ W{n X (V X Q(,))(r))d5 



dv, 



U{r) ■ W{n X (V X Q(e))(r)) d 5 - 2 



(2ev) 



(7(r) • V X [n X M^(n x (V x Q(^)){r))]d^r. 



To deduce bound estimates of the above express ion, we may employ the principal curvature coordinate system rj) 
on the parallel surfaces dV^,ye' € (£,2ey] (see S2.3.1 for details) so that W{dr/d£) — Ki{r){dr /d^) ,W{dr /drj) = 



K2{r){dr /drj), where Ki(r) and K2(r) are the p rincip al curvatures satisfying Ki(r) -I- K2{r) — 2H{r), ni{r)K2{r) — 
K{r). With the Bergman space inequality (Eq. 2.191 and the geometric relation |VF(a)p < (k^ + Kj)!^'^ = (4i?^ — 
2iir)|ap, we may establish the estimate 



dv, 



U{r) ■ W{n X (V X Q^^)){r))dS 



(2ev) 



< 2 max \U{r)\ max |(V x Q(.))(r)| max ^ 4:m{r) - 2K{r) U dS 



reav- , redv,- , redv.- . 

(2ev) (2ev) (2ev") 



ov, 



(2£v) 



< 



3 l|t^llL2(y;C3)||V X Q{e)\\L^V-y,C^) 



2tt 



(2ey)3/2(2£v-e)3/2 ,^9^-- 



max y/4H^{r) -2K{r)([j) dS 



dV, 



(2ev) 



Meanwhile, with the Cauchy-Schwarz inequality, the geometric relation (see Eq. 2.43 in S2.3.4I 

|V X [n X W{n x V x Q(e))]| 
< (^VaH^ -2K + 2\H\^ \{n ■ V)V x Q(^)| + 2|ViJ||V x Q(e)| + 2\H\ [^/^m - 2K\V x Q(,)\ + 2|V x V x Q(, 
+2v/4i/2 - 2K [|V(e, • V x Q(,))\ + |V(ej, • V x Q(,))| + |V(e, • V x Q^,))\] , 

the Calderon-Zygmund identity E|^|=2 ll^'^Q(£) IIl2(k3;C3) = ll-P-'^*lli2(y- .£3) < ll-f'"llL2(\/;C3)' "^^ may arrive at the 
estimate 



C/(r)-Vx [nx W^(nx (V x Q(^))(r))] d V 
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Now that we have obtained a bound estimate 



dV~ 



H{r)U{r) ■ [n(V • Q(e))(r) - n x (V x Q(,))(r)] d ~S 



dvr 



Uir) ■ Win X (V X Q(e))(r)) d S 



< {B,,.y + B'^^^.y + B':^^.y + B':i..y)\\F\\L2^V;C-)\\FH\mv;C^), where B,,,v + B'^^.^, 



B 



ev-y 



we only need to work on the remaining contributions to Eq. |2.26[ which all involve a term related to 



(n'-n) • (PFf)(r') 



dv- 



Anlr — r' 



dS' or 




(n'-n) X (PF«)(r') 



47r|r — r' 



We can eventually establish the bound estimate in Eq. |2.23| by investigating the above two surface integrals via the 
Calderon-Zygmund theory in harmonic analysis. The routine but lengthy derivation is deferred to |S2.3.4| 
Finally, we may integrate the relation in Eq. |2.23| to derive 



sup 

Fle$(V;C3)\{0} 



L2(y:C3) 



sup 

F,F«e*(\/;C-'')\{0} 



< C,ev 



which entails the Cauchy criterion stated in Eq. 2.16 and hence the uniform convergence as claimed in Eq 2.13 



Remark The universal expression of the internal field (Eq. 2.8 1 may appear as striking. It shows that the complex 
susceptibility x S C is not a well-behaved coordinate for studying the light scattering problem, whereas its rational 
transform ^ g X^/(x+ 2) is the appropriate choice. In other words, in the complex x-plane, the solution (/ — 
G ^{V\€?) may not necessarily be meromorphic — there could be an inevitable barrier at x = —2 that 
obstructs the analytic continuation of the solution across the Re x-axis. While static polarization of dieletric media 
invokes a Clausius-Mossotti factor {ji? — l)/(?^^ + 2) = (e^ — l)/(er + 2) (see Ref. |9], p. 162) that characterize the 
dielectric response, the dynamic polarization process in the light scattering probl em s eems to call for a totally different 
set of factors (say, {v? — 1)/(7t.^ + 1) and {n? — l)^/(n^ + 1) as appeared in Eq. 2.8 1. It is thus conceivable that any 



perturbation series for light scattering based on the Clausius-Mossotti factor {n? — 1) / {ii? + 2) will not converge well for 
a wide range of refractive indices n, because such an expansion fails to capture the correct location of the singularity 
in the scattering problem. 

The light scattering problem for smooth dielectrics with connected exterior volume M'^ \ (y U dV) is well-posed for 
all Imx < except (perhaps) the specific point x = —2. When the Born equation becomes ill-conditioned for x = —2, 
it does not fail the uniqueness theorem, but the existence theorem, leading to an unbounded inverse 



\{i + 2g)- 



(/+2e)$(V;C3) 



sup 

Ee(i+2g)>s>{v-c^)\{o} 



\{i + 2g)-^E\\L 



2(V':C3) 



|-E'I|l2(V;C3) 



In particular, in the case of light scattered by a spherical dielectric (Mie scattering), one can use the explicit expression 
of the Mie series to verify all the conclusions of the "optical resonance theorem" (Theorem 2.1 1, to reveal x = —2 as 

-1 



an accumulation point of the singularities in the Mie series, and to demonstrate the singular behavior of (/ 
with the aid of special functions. (See S2.3.5 for detailed derivations.) 
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The peculiar behavior of electromagnetic scattering forms a stark contrast to the acoustic scattering problem 
concerning scalar waves. The acoustic scattering equation in three-dimensional space 



{{I - xk^C)u){r) := u{r) - xk" 



u{r')e 



dV = Ui„e(r-), Uinc e i'(V^;C) 



involves a perturbation of the identity operator / by a compact operator — xfc^C : L^(F;C) — > L^(y;C), and thus 
has drastically different spectral properties as compared to the Born equation for light scattering. In particular. 



(/ - xk^cy 



is indeed meromorphic in the complex x-plane, with a discrete set of isolated singularities. The 



critical difference between the scalar and vector wave scattering problems may well have algorithmic implications. 
While the scalar wave approximation has been sometimes employed to "simplify" the light scattering problem, it is 
clear from Theorem |2.1| that such a "simplification" may carry potential quantitative hazard, as well as qualitative 
misinformation, especially when used without caution in the neighborhood of the critical point x — —2. (See |S2.3!6 
for a detailed comparison of acoustic and electromagnetic scattering problems in various spatial dimensions.) 

We have relied on the working hypothesis that the dielectric boundary dV is a smooth surface of class C°° during 
the proof of Theorem |2 . 1 1 but the validity of the proof remains unshaken if the smoothness condition is reduced to class 
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C^. Proving the countability of the spectrum cr*(^) (and the related strong stability result) may require co nsid erably 
more effort when the dielectric boundary dV ceases to be smooth of class or higher. Unlike Proposition 



2.4 



that is 

largely of topological nature, the optical resonance theorem (Theorem 2.11 has a heavy geometric flavor. The smooth 
geometry of the dielectric boundary plays (nearly) an indispensable role in many critical steps (the Rellich-Kondrachov 
compact imbedding theorem, the bound estimate in Eg. |2.23| etc.) during the proof of Theorem 2.1 

While the "generalized optical theorem" (Theorem |1.1| may be regarded as the energy conservation for energetically 
admissible vector fields in L^{V; C^), the "optical resonance theorem" (Theorem 2.1 1 may qualify as a subtler result of 
spectral quantization for physically admissible vector fields in ^{V; C^). Central to the physical admissibility criterion 
is the transversality condition, which has been heavily exploited (in the interior regularity estimate, Bergman space 
inequalities, etc.) during the establishment of the optical resonance theorem. This is remotely reminiscent of the 
quantization procedure of electromagnetic field in quantum field theory (see Ref. [76], p. 79 or Ref. [T^, P- 23), where 
the transversality constraint is condicio sine qua non. 

It is worth noting that the transversality of the internal electric field derives from one of the Maxwell equations 
V • D{r) — V • {e{r)E{r)) — and the homogeneity condition e(r) = 1 + x,"!" ^ V. For inhomogeneous media with 
continuously varying values of e{r), the transversality constraint may not be available to the electric field E, and one 
usually has to directly cope with the light scattering problem in a larger Hilbert space L'^{V;C^). This may lead to 
the absence of spectral quantization for light scattered by inhomogeneous media, as pointed out in Ref. [78] . | 

Corollary 2.2 (Strong Stability in Light Scattering) If the smooth dielectric has a connected exterior volume 
M.'^\{VUdV), then we have cr*(^)nM C {0, —1/2} and the related evolution semigroup {cxp(— zr^)|r > 0} is strongly 
stable: 



lim 



1 exp{-iTg)F\ 



L2(y;C3) 



0, yF£^{V;C^). 



Proof According to Proposition 
Theorem 



2.1 



2.4 



we have cr*(^) n M = if the exterior volume \ (y U dV) is connected. Using 
we may combine the relation cr*(^) \ cr*(^) C {0, -1/2} (Eq. 2.11 1 with cr*(^) n M = 0, and obtain 
(T*(t/)nM C {0, —1/2}. Now, the absence of point spectrum on the real axis cr* (^)nM = and the countability of the 
spectrum on the real axis (t*(^) nM C {0, —1/2} will allow us to deduce the strong stability of the operator semigroup 
{exp(— ir^) \t > 0}, according to the Arendt-Batty-Lyubich-Vu theorem (see Refs. |79ll80] . as well as Ref. |j60j, pp. 326- 
327). In other words, the tra ject ory {exp{—iTg) F\t > 0} not only "converges on average" to zero according the mean 

it also converges in L^-norm to zero: lim^^- 



ergodicity result in Corollary 
$(O(0,i?);C3). I 



2.1 



exp(-iT^;)F||i2(o(o,fl,);c3) = 0,VF e 



S2.3. Additional Comments and Details 



Some geometrical/topological concepts and terminologies will be introduced in S2.3.1 and S2.3.2 and serve as 



background materials for the proof of Proposition |2.4| regarding the evolution of transverse vector fields in smooth 
dielectrics. In |S2.3.3"| a certain class of non-smooth dielectrics are discussed, as a logical parallel to Propo sition |2.4[ 



The "optical resonance theorem" (Theorem 2.1 1 is supplemented by some geometric identities derived in S2.3.4 
well as extended by some discussions in |S2.3.5 and S2.3.6 



S2.3.1. Tubular Neighborhoods of a Smooth Surface 

In the following, we will consider some geometric properties of a volume V that is bounded and open, with its 
boundary dV being a smooth surface of class C°°. 

Definition (Smooth surface) We call a subset E C a smooth surface of class if it can be locally parametrized 
by well-behaved curvilinear coordinates that are continuously differentiable to arbitrarily high order. More precisely. 



When the boundary smoothness is lower than order C*, the curvature of the surface does not match up to second order at certain 
points. From a heuristic ray-optics perspective, these "curvature-mismatching" points may have additional "lensing capabilities", thus 
adding complications to the study of light-matter interaction. 

If we relax the condition to the existence of continuous partial derivatives up to m-th order (in < oo), we have "class C™" instead of 
"class C°°". 



55 



we require that for every point r^, G S, there exists a three-dimensional open set Oi, C which contains the point 
r^,, and a non-empty two-dimensional open rectangle = {(■C,??) € 1R^|^_ < ^ < ^+,'7- < ?/ < such that every 
point r G n E can be assigned curvilinear coordinates r(^, 77) for some point 77) e t/^, satisfying the following 
properties (see Ref. |81], p. 52 for a more technically-phrased, yet practically equivalent definition): 

(a) (Differentiability) The partial derivatives of r(^, 77) are continuous up to arbitrarily high order for all (^, 77) G ?7*; 

(b) (Non-degeneracy) The cross product {dr{£_,ri) /d£,) x {dr{£^,ri) /drj) does not vanish for any (^,77) € ?7*, and its 
normalization defines the normal vector n(r) = 72(^,77); 

(c) (Injectivity) IfriC,v) - H^.v') for ^7), (e', V) e C/., then (^,7?) = (^',7?'); 

(d) (Continuity of the Inverse) If a sequence {r{^s,Vs)\s — 1,2,...} C 0*nS converges to a point t'(^, 77) £ O^nE, 
i.e. lim^^oo \r{£.s, Vs) - r{£_, r/)| = 0, then lim^-^oo - C)^ + ('7s - J?)^ = 0- I 

Remark For a bounded open set y (S M'^ with smooth boundary dV, the orientation of the outward normal n(r) 
on the boundary surface dV (i.e. pointing from the "inside part" V \ dV to the "outside part" \ (F U dV)) is 
not ambiguous — "single-sided surface" anomalies like the Mobius strip or the Klein bottle will not occur — See 
Ref. also Ref. [27], p. 411, Ref. jSl], p. 114, and Ref. (83], p. 440 for the orientability (two-sidedness) of compact 
surfaces. One may also view the orientability from the perspective of the Jordan-Brouwer separation theorem, which 
implies that any compact, smooth and connected surface S' d separates its complement M'^ \ 5 into two connected 
components. 

On a compact smooth surface E — dV C M'^ endowed with the metric dr ■ dr = E{^,i]) d£^^ + 2F{^,ri) dS^dr] + 
G'(f , 77) d 77^, the Laplace-Beltrami operator As can be expressed in local curvilinear coordinates as 

1 ld_ / G df \ _ d_ / F df\ _ d_ / F df\ d_ f E df 
VEG - F2 [d^ WEG- F^d^J ^ M \ VEG-F^d^J ^ WEG- F^d^J ^ dv WEG-F^d^ 

It can be verified that {f , ^^.f) l^{t,;C) ■= §^ f* Aj:f <i S < for all complex-valued smooth scalar fields /. Thus, 
(—As) is a positive-semidefinite operator, and its power (—As)'* is well-defined for all positive- valued exponents s. In 
particular, for < s < 1, the fractional powers can be expressed by the Balakrishnan formula (see Ref. |44], Chap. IX, 
or Ref. [gj): 



r(- 

where u{r,T) = (e'^^^/)(r) is the unique solution to the diffusion equation du{r,T)/dT — A^u{r,T) with initial 
condition u{r, 0) — f{r). Moreover, if the smooth surface S can be decomposed into Ns < +00 connected components 
Si,S2, . . . ,Sw„ and /(r) = /,(r),Vr e E„ then we have (e^^-/)(r) = (e^^^^ /,)(r), Vr e and ((-As)V)(r-) = 
((-As,)V,)(r),VreE,. | 

Definition (Equidistant Sets and Parallel Surfaces) The distance dist (r, dV) from a point r € to the 
smooth boundary surface dV (s M.^ is given by T(r) = dist {r,dV) := min^'goy \r — r'\. It is a continuous function 
satisfying |dist (r, dV) — dist (r", dV)\ < \r — r^j. It vanishes dist (r, dV) = if and only if r G dV. For any e > 0, 
the two equidistant sets are given by 

S+) := {r e \ t/|dist (r, dV) = e}, Y.-^^ := {r e F|dist (r, dV) = e}; 
and the two parallel surfaces are given by (cf. Ref. jST], p. 212) 

'(^) 



Sf. := {f e R^\3r £ dV such that f = r± en{r)}. 



Here, 11%^ = ^ dV. | 

Following the spirit of the tubular neighborhood theorem in differential topology |81l |85] . we claim that the equidis- 
tant sets and the parallel surfaces S*^^ satisfy the following properties. 

Proposition 2.6 Suppose that dV is a smooth surface of class C°° satisfying properties (a)-(d), then 
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(i) For any e > 0, we have C S'^^-^ and Sj.^^ C S^^y for sufficiently small e > 0, S^^^ represent two surfaces 
satisfying properties (a) and (h); 

(a) For sufficiently small e > 0, we have — 5*^^^ and E^^^ — S'^^y 

(Hi) For sufficiently small e > 0, the sets — S^^^ represent two smooth surfaces of class C°° satisfying properties 
(a)-(d), and are topologically equivalent to dV . 

Proof It would be sufficient to demonstrate the case for and 5'^"^. 

Proof of (i): To start, we may fix a point r(g) S and consider the continuously differentiable scalar field 

f{r) = (r(E) — r) • (r(g) — r),Vr g dV that achieves minimum /(r*) = [dist {r (^^) , dV)]"^ for some S dV . We may 
parameterize the surface dV in a neighborhood of using non-degenerate curvilinear coordinates r{£^,rf) such that 
{dr/dC) X (dr/dri) 7^ in the corresponding neighborhood. In such a neighborhood, the normal vector ±n is parallel 
to (dr/dS,) X [dr/drj). As the continuously differentiable scalar field f{r) attains minimum for r = r*, both partial 
derivatives df{r{£^,ri))/d£, and df{r{£^,j]))/dri must vanish for ■r(^,7/) = r*. In other words, owing to the results 



I'(C:')) = I'. 



0, [r{e)-ritv)] 



= 0, 



we know that r» — rj-^-j must be parallel to the outward unit normal vector n(r*), which is in turn parallel to 
±{dr/d£,) X {dr /dri)\r=r,- Therefore, we have 

^{e) ^ '^(e) ^ ^ ^^^^ ^^^^ f = r en{r) } . 

At this point, it should be noted that although C V, there is no guarantee that S'j"^ C V for arbitrarily large 
e > 0. 

We can deduce the geometric properties of S^^^ from that of the smooth surface dV. The Weingarten transformation 
W{r) is defined by dn = —W{r) dr on the surface dV, which can be represented in local curvilinear coordinates as 



(2.28) 



Owing to the smoothness of the surface dV (properties (a) and (d)), the mean curvature H{r) :— ^tr W^(r) and the 

Gaussian curvature K{r) := detW^(r) are both continuous functions of r G dV. Thus, both |i?(r)| and |if(r)| are 
bounded as r runs over the compact set dV (which is a bounded and closed subset of M.^). It follows that there is a 
finite constant e' > 0, such that 2e\H{r)\ + e'^\K{r)\ < 1/2 holds for all e < e' and r g dV. Now, for e < e' , we may 
introduce local curvilinear coordinates on the set S'^^^ as f (^, 77) = r(f , ry) — en(^, r/). It can be verified that (Ref. |81j . 
p. 212) 

^x^.[l + 2effW + .^/fWl^x^ (2.29) 

does not vanish so long as {dr/d^) x {dr/dif) 7^ 0. Consequently, 5*^^^ is a surface of class C°° whose local curvilinear 
coordinates satisfy properties (a) and (b). 

Proof of (ii): We need to verify that for sufficiently small e and any given point f € S'^~-j, the continuously 
differentiable scalar field /(r) — {f — r)-{f — r) indeed achieves local minimum at any point satisfying r = f+en G dV. 
This can be done by evaluating the Hessian matrix TLf{r) of /(r) at r = r + en: 



r—r^en 



5r 5r d''r 





Using the notation r'^ — r — en{r)/2 G and h^{r^) — n(r), we can rewrite the Hessian matrix iif{r) as 
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Without loss of generality, we may choose rj) to be the principal curvature coordinates on the surface •S'^^/j) 
diagonalize the Weingarten transformation, so that the Hessian matrix 7i/(r) simplifies to 



that 









[G 




4( 



K?(f«) 
nlif^) 



where the principal curvatures Ki(r'*) and K2(r'*) satisfy (Ref. fST], p. 212 
«i(r«) + «:2(f«) il(r) + |if(r) 



H(f«) 



l + ei/(r) + ^if(r) 



K{r) 



1 + £iJ(r) + ^iK{r) • 



and 



Ki(f«) -K2(r») 
2 



l + £iJ(r) + f i^(r) 



e, thereby confirming that Sj.^^ C J^^^y^e < e" . In other words, for sufficiently small e < e" , we 



en 



It is then evident that there exists a positive constant e" G (0,£'] such that the Hessian matrix 7i/(r) is positive- 
definite for all e G (0,e") and r G dV. Therefore, for every point f G 'S'(~),0 < £ < e" , we have dist(f,9y) — 
min^ggy |f - r| = ' ' " " — — 

have the identity 

S^^^ = S^^^ := {f G \3r G dV such that f 

Proof of (iii): We claim that there exists a positive constant e'" G (0,£") such that for every fixed e G (0,£"'], 
the equation f = r en(r) admits only one solution of r G dV for each given f G S^^y If the opposite is true, 
we may construct a sequence of points {fg = '''s — £{s)n{rs)\rs G 9^,0 < e{s) < e"/s,s = 1,2,...} and another 
sequence of points {r^ G dV\s = 1,2, . . .}, such that but fs—fs — e{s)n{rs) — r'^ — e{s)n{r'g). Now that 

dV C M.^ is compact, the sequence {rg G dV\s — 1,2,...} must contain a convergent subsequence that converges 
to a point Too G dV, according to the Bolzano- Weierstrafi theorem. Consequently, a corresponding subsequence of 
{fg = fs— £{s)'n{rs)\s = 1,2,...} will also converge to the same limit r^o- In an open neighborhood Oqo C of r^o, 
the local curvilinear coordinate system f(^,?7,£) = ■r(^,7y) — en(r(^, ry)) is well-defined, as the Jacobian determinant 
does not vanish: 



X 



dr] 



de 



7^0 



according to the proof of (i). Thus, for each r G Ooo, the equation f{£^,ri,e) — r{£^,ri) — en{r{£^,ri)) admits only one 
solution of r G dV, according to the implicit function theorem. On the other hand, by our assumption of the non- 
existence of the constant e'" > 0, the neighborhood Ooo contains an infinite subsequence of {fg — Tg — e{s)n{rg) — 
r'g — e{s)n{r'g) \rg,r'g G dV, rg ^ r'g, s — 1,2, . . .} where the solution to r(^, r], e) = r(^, 77) — £n(r(^, 77)) is not unique. 
This contradiction shows that the positive constant e'" G (0,£") must exist. Therefore, for e < e'" , the mapping 
V G dV 1-^ f = r — en ^ S'^^-^ is a continuous bijection from a compact set dV to a compact set S'^^y and its inverse 

, < £ < e'" 



mapping must also be continuous. Accordingly, the surface — S(j),0 < £ < £"' is topologically equivalent to dV, 
and is a smooth surface of class C°° in its own right. In particular, if dV is connected, then so must be the surface 

s; 



'(e) 



s whenever < e < e'' 

(e) — — 



As a consequence of the results proved in steps (i)-(iii), we see that the spatial region formed by a stack of parallel 



surfaces Uo<e<£"' -^(e) 



JO<E<e"' ^(e) 



is topologically equivalent to the Cartesian product dV x [0,£"']: a sequence 



o<£<£/// S'j.^^ if and only if the respective local 



= u 

of points {fg\s = 1, 2, . . .} C Uo<e<£"' ^{e) converges to a point r G IJ 
curvilinear coordinates converge limj^oo ^ {^g — -|- (ry^ — 77)^ -|- (e^ — e)'^ = 0. The three-dimensional curvilinear 
coordinate system f{£^,ri,£) = r{^,r]) — en{r{^,r])) is hence well-behaved in the following three-dimensional open 
neighborhood of dV (the "tubular neighborhood"^^) 



dVU 



U s> 



u 



9+ 



(2.30) 



L0<£,<2e 



L0<e.<2e 



If we start with a surface dV of class C" where m < 00, then the 
The term "tubular" may sound more appropriate if we replace the 
name certain surroundings of a smooth manifold in any dimension 



parallel surfaces are of class C'"~^. 

smooth surface dV by a smooth curve. It is merely a convention to 
(smooth curves, smooth surfaces, etc.) as a "tubular neighborhood". 
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and the local curvilinear coordinate system f : {£,,r],e) i— > V^^///) defines a smooth vector field of type C°°{Ui, x 
(— e'", e'"); M^). As a result, the unit normal vectors n(f) = n(^,r;,e) also forms a smooth vector field of type 
X (-£"', | 

Remark Here, in the proof of Proposition |2.6[ the constraint "sufficiently small e > 0" cannot be dispensed, in either 
the proof of (i), (ii) or (iii). In fact, suppose that V = 0(0, R) is an open-ball neighborhood of the origin with radius 
R, then d{V\V(^ji^) = V(ij) = {0} fails to be a smooth surface. One may also pick certain volumes V of non-convex 
shape, so that for some finitely large e, the set is not connected while 5*^"^ is connected, and at a certain point 
f e 5*^"^ the function /(r) = {f — r) ■ {f ~ r),r Q dV attains local maximum (as opposed to minimum). When V is 
not convex, it is also possible that either Sj~^^ or is self-intersecting for some finitely large e. 

The expository proof presented here is no more than a modest extension of the geometric arguments in pp. 109-114 
and p. 212 of Ref. |81], as well as a specific case of the abstract "tubular neighborhood theorem" in pp. 109-118 of 



Ref. [85]. We have adapted the standard geometric and topological arguments in Proposition 2.6 so as to elicit a 



self-contained discussion herein about the geometric and physical consequences of a smooth dielectric boundary. | 

Intuitively speaking, one may expect that a surface does not occupy a positive volume in M'^, and a bounded surface 
has finite area. However, in Ref. [86], A. S. Besicovitch has constructed a surface Sx C M.^ that is topologically 
equivalent to the boundary of an open ball 90(0, R) C K^, i? > 0, with finite area and positive volume JJJg d "^r > 0. 
Meanwhile, fractal structures like the Menger sponge may exhibit infinite surface area despite being a compact set in 
the three dimensional space M'^. 

The following corollary of the tubular neighborhood theorem shows that a compact smooth surface will not have 
a counter-intuitively positive volume as in the Besicovitch construction, neither will it have infinite surface area as a 
Menger sponge. 

Corollary 2.3 7/E d IR"^ is a compact and smooth surface of class C°° , then the volume ofYi vanishes: JjJ^ d^f = 0, 
and its surface area is finite dS < +oo. 

Proof First, we consider a surface neighborhood O^nS of a point r^, gT, on the compact and smooth surface S d 
that corresponds to a local coordinate chart U^, C M^. With the well-behaved local curvilinear coordinate system 
f{£^,T],e) = r(^, ry) — en{r{^,ri)) derived from the tubular neighborhood theorem, we may compute the volume of 
O* n S as 



d^r = 



dr] 



9f(^,?7,e) 



d^dr/de = 0, 



because the domain of integration x {0} = {{£_,ri,e) E M.^\{£,,ri) E C/*,e — 0} has zero Lebesgue measure: 
IIIu x{o} d^dr/de = 0. Then, we note that IJ^ ^^Oi, D H forms an open cover of the compact set S d M.^. Ac- 
cording to the Heine-Borel theorem, we may pick a finite subcover, i.e. there exists a subset F = {ri, r2, . . . , rjv} C S 
consisting of finitely many points, such that IJ^ O* — Uj=i ^ ^ ^^'^ Uj=i('^i H S) = S. The volume of E thus 
will not exceed the sum of the volumes of < -|-oo subsets Oj n S: 

N 



3 = 1 



d3f<^/// d^f 



Ojns 



Here, we have used the facts that each Oj n S has zero volume, and the sum of finitely many zeros is zero. 

Now, consider a tubular neighborhood of E that is topologically equivalent to E x [— 5, i5 > 0, parametrized by 
well-behaved curvilinear coordinates f = r + en(r), r G E, e £ [—6, 6]. Being topologically equivalent to the Cartesian 
product of compact sets E and [—6, S], the tubular neighborhood in question is a compact set with finite volume: 

[l-2eH{r)+e^K{r)]ds\ de= III d^f<+oo. 

One may always pick 6 > sufficiently small so that 1/2 < 1 — 2eH{r) + e'^K{r),\/e E [—6,6], which shows that 

AS<- (jf d^f< +00. I 

6 J J Jr=r+sn{r),re^,ee[-S,S] 
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As another consequence of the tubular neighborhood theorem, we claim that if V is also connected, then it remains 
connected under the perturbation by parallel surfaces, as shown below. 

Corollary 2.4 For a connected, open and bounded set V with smooth boundary (which may or may not be connected), 
one may pick sufficiently small e € (0,e"'/2), so that the following two sets are connected 



v\ 


u 








0<e.<e 







U ^(t) 



Proof Consider the mapping /i_ : V — > V \ Uo<e.<e ^(e ) 

\ r 4^ (f ir' 



0<e,<26 



r + {e+ y')n{r'), r' = r + e'n{r') e 91/, < e' < 2e 



otherwise. 



Prom the proof of (iii) in Proposition 2.6 we know that the mapping /i_ is continuous. As the image of a connected 
set V under a continuous mapping the set V\ Uo<e.<£ "^(e ) ~ ^-(^) connected. Similarly, we may construct 

as 



a continuous mapping /i+ : V > V U 

h+{r) 



u 



r + (2e + 4£')n(r'), r' = r + e'n(r') ^ dV,Q < e' < 2e 
r, otherwise. 



to show that V U 



u 



0<e.<2e ^(e.) 



hj^iy) is connected. | 



S2.3.2. Connectedness in the Perspectives of de Rham and Hodge 

Por an effective solution to the light scattering problem, we usually require a connected exterior volume IR^\(yUc)T/). 
The following lemma shows that this topological constraint is closely related to the requirement that each connected 
component of V has a connected boundary. 

Lemma 2.3 (Alexander Relation) Assume that a bounded open set V = U^i Vj <£ 0(0, i?/2) has finitely many 
connected components Vi, . . . , Vmv ! o-^d, each connected component has a smooth boundary surface dVj,j = 1, . . . , Ny 
that does not intersect the boundary of a distinct component dVj D dVji = 0, 1 < J < j' < Ny. The exterior volume 
M!^ \ {V U dV) is connected, if and only if each component Vj, j — 1, . . . , Ny has a connected boundary dVj. 

Proof We will prove the conclusion a fortiori, namely, we will use the Mayer- Vietoris sequence in de Rham cohomology 
(see Ref. ^7\, p. 408-411) to provide an algebraic identity 

dmin°{V U dV;R) + dimn°{Gl{O{0,R))\V;R) - dmin°{dV;R) = 1, (2.31) 

where dim7i°(M;M) counts the number of connected components in a compact manifold M. Here, a compact set 
M (B M.^ qualifies as a d-dimensional compact manifold if for every point r^, S M, there exists an open set C K'^, 
such that r^, e O-i, and the neighborhood O^, (1 M is topologically equivalent to either 

In particular, both V U dV and CI (0(0, R)) \ V are 3-dimensional compact manifolds, and dV is a 2-dimensional 
compact manifold. 

It c an be recognized that CI (0(0, i?)) \ F is connected if and only if IR'^ \ (1/ U dV) is connected. Thus, according 



to Eq. |2.3l| the exterior volume is connected 1 ^ dimH°{M.^ \{V U dV),R) = dimH°{Cl{O{0, R))\V,R) if and only 
if y U dV has the same number of connected components as that of dV, i.e. dim 7i°(y U dV, R) — dim H'^{dV, R). 



First we point out that as a compact manifold with smooth boundary, the set CI (0(0, i?)) \ V C M'^ is connected if and only if 
its interior 0(0, iJ) \ (V U dV) is, as can be seen from the isomorphisms 'H°{C\{O{0,R)) \ V; M) S nl{O(0,R) \ {V U dV);M.) ^ 
H°{O{0,R) \{V U dV);R). There is a continuous transformation from \ (y y gy) to 0(0, H) \ (V U dV) that keeps any point 
r 6 0(0, 2_R/3) intact, and transforms a point r ^ O(0,2i?/3) to 3-Rr/(3|r| -I- R). The inverse transformation that keeps any point 
r e 0(0, 2R/3) intact, and transforms a point r ^ 0(0, 2R/3) to Rr/{3R-3\r\), is also continuous. Hence, the open set 0(0, R)\{VUdV) 
is topologically equivalent to M'^ \ (V U dV), so that the connectedness of one implies that of the other. 
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Now we prove Eq. 2.31 As the smooth boundary surface dVj,j = 1, . . . , Ny < +oo does not intersect the boundary 



of a distinct component dVj n dVj' = 0, 1 < J < j' < Ny, the union of all boundary surfaces dV — [jf^^i dVj 
is a 2-dimensional smooth and compact manifold in its own right. Picking two compact manifolds with boundary 
Ml = CI (0(0, R)) \ V and M2 ^ V U dV , we have the Mayer- Vietoris sequence 

{0} — >W°(MiUM2;M) — >W°(Mi;M)e7i"(M2;]R) — * 7i"(Mi n M2; M) — > [M i \JM 2;'^) = {Q} ■ 

Here, Mi U M2 — CI (0(0, i?)) can be contracted to a single point, so it has trivial de Rham cohomology groups 
7^'"(MiUM2;M) ^ {0} for positive integers to. It is clear that M1UM2 = CI (0(0, i?)) is connected, so dimH°(MiU 
M2; M) = 1. Meanwhile, dim7i''(M2; M) — dmiTiP{V U dV] M) = Ny counts the number of connected components in 
V\JdV. 

As the Mayer-Vietoris sequence is exact, we know that the alternating sum of the dimensions of the vector spaces 
in the sequence must vanish: 

= dim7i:°(MiUM2;M)-dim[7i*'(Mi;M)eH°(M2;K)] + dim7i"(MinM2;M) 
= 1 - [dim7i°(Cl(O(0,i?)) \y;M) +dim7i:"(V"uaV^;M)] + dim7i:°((9y;M). 



This establishes Eq. 2.31 as claimed 



Remark In the literature, an equivalent form of Eq. |2.31| written as "number of connected components of y + 
"number of hounded connected components of R'^ \ (T^ U dVj'' = "number of connected components of dV", has been 
known as the Alexander relation (see Ref. ^5\, pp. 384-387 for an analytic proof of the Alexander relation using 
potential theory). | 

Although the rotation of a vector field is necessarily divergence-free, i.e. ran (Vx ) c ker(V-) holds for smooth vector 
fields defined on any open set V C M'^, the reverse implication ker(V-) C ran(Vx) only holds when V satisfies some 
specific topological properties. In parallel, the gradient of a compactly supported smooth scalar field is necessarily 
an irrotational and compactly supported vector field, i.e. {V/|/ G C^{V; R^)} C ker(Vx) n C^{V; M.^) for any open 
set F C K^, we still need additional topological constraints on V before we can assert that any compactly supported 
smooth irrotational field is the gradient of a compactly supported scalar field. 

In the following, without loss of generality, we may momentarily confine our discussion to real- valued vector/scalar 
fields defined on 3-dimensional compact and connected manifolds imbedded in IR'^. 

Proposition 2.7 Let M C M.^ be a bounded, open and connected set with a smooth boundary surface dM. The 
relation ker(V-) = ran(Vx) holds for smooth vector fields defined on M U dM, if and only if the boundary dM is 
connected. 

Proof We recall the fact that if a bounded, open and connected set M C M.^ with smooth boundary dM has a 
vanishing second Betti number b2{M U dM) = 0, then every divergence-free vector field F g ker(V-) on M U dM 
can be represented as the rotation of another vector field F = V x G G ran(Vx) (see Ref. p^, p. 369), and vice 
versa. Here, the second Betti number b2{MUdM) := dim'H^(MuaM; R) is the dimensionality of (M U 9M; R) := 
ker(V-)/ran (Vx), the second de Rham cohomology group of M U dM. We will show that the boundary dM is 
connected if and only if b2{M U dM) — 0. 

According to the Hodge theory (see Ref. |27) . p. 369), the vector space H^{M U dM; R) is isomorphic to Hf{M U 
(9Af;R), the totality of solutions to the vector harmonic equation subject to certain boundary conditions: 

n2{MUdM;R) = {U e C°° {M U dM;W^)\\'^U{r) = 0,Vr € MUdM;nx U{r) = 0, V • U{r) = 0,Vr e dM}. 

Here, the relation V^J7 = —V x V x J7 — V(V • U) is consistent with the definition of the Hodge-Laplace operator 
on differential 2-forms. 

We first claim that every member U e Hf{M U dM;R) must be divergence-free, i.e. Hi{M U dM;R) C ker(V-). 
This is because the scalar Laplace equation 

= V • W^U{r) = -V2[V • J7(r)], Vr e M U dM 

and the vanishing boundary condition V • U{r) = 0, Vr e dAI together imply that 

O^M [V-U{r)]{n-V)[V-Uir)]dS ^ fff {[V-Uir)]V^[V-Uir)] + \V[V-Uir)]\^}d^r ^ fff ■U{r)]\'' d^r. 

JJdM JJJm JJJm 

Here, the gradient V[V-{7(r)] vanishes identically. We thus have V-i7(r) = 0, Vr € M owing to the vanishing boundary 
condition and the vanishing gradient. The transversality result V ■U{r) = 0, Vr G M is not totally unexpected, because 
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the isomorphism 7i^{M\JdM; R) = 7i^(MU(9Af; M) in Hodge theory gives rise to a representation of every divergence- 
free field F e ker(V-) n C°°{MUdM;R) as F = V x G + U,G e C°°{M U dM;R),U & n^{M UdM;R), i.e. the 
rotation of a smooth vector field plus a member in 7i^(MUi9M; M). This necessarily implies that U G 7i^(Mu9M; K) 
is divergence-free: V-J7 = V- F — V-VxG = 0. 

We then claim that every member U G ni{MUdM; R) must also be irrotational, i.e. T-Lf{MUdM;R) C ker(Vx). 
To show this, we use the Green identity for vector fields (see Ref. [H], p. 155 or Ref. [27], p. 361) to deduce 

[U{r) ■ \/^U{r) -I- |V X U{r)\^ + |V • U{r)\^]d^r = (f[ {[n x U{r)] ■ [V x U{r)] + [n ■ [/(r)][V • U{r)]}dS, 

M JJdM 

which now implies 

/// |V X (7(r)pdV = 0, i.e. V X i7(r) = 0,Vr e MUSAf. 

J J J M 

Therefore, for any U G 7i^(Af U9Af; M) satisfying the vector harmonic equation subject to the boundary conditions 
n X U{r) = 0, V • U{r) = 0, Vr G dM, the Green identity 



U{r) = i 

JJdM 



^ -{n' ■V')U{r') -U{r')in' -V)- ^ 

n' / 



Anlr — r' Anlr — r' 



dS', VrGM 



may be modified into the following "Kirchhoff diffraction integral" (see the argument in Ref. |9], p. 483): 

where n is the outward unit normal vector on the boundary dM. 
Now, we see that U{r) ~ Vu(r) is a gradient field, where 

JJdM 47r|r-r'| 

The boundary condition n x U{r) — n x Vu(r) — 0,Vr G dM entails that u{r) = Mo,Vr G dM is a constant 
at the boundary surface, so long as the boundary dM is connected. Therefore, with the scalar Laplace equation 
V^u(r) = V • U{r) = 0,Vr G M U dM, we obtain 



= (th [u{r)-uo]{n-\7)u{r)dS ^ /// {[u{r) ~ UQ]V'u{r) + \\7u{r)\'} d-'r ^ /// |Vu(r)|^dV. 
JjdM JJJm JJJm 

This eventually shows that U{r) = Vu(r) = 0, Vr G M U dM, for whatever U G ni{M U dM; K). Hence, the second 
Betti number b2{MUdM) dimn'^{M U9A/;M) = dim7i:^(Af U E) = has to vanish when the boundary dM 
is connected. 

Conversely, if dM is not connected, we can always pick a scalar field f{r),r G M U dM that satisfies the Laplace 
equation V^/(r) = 0,Vr G Af and assumes a distinct constant value on each connected component of the boundary 
dM. It can be verified that with thus prescribed boundary conditions on a smooth boundary, the harmonic function 
/ is uniquely determined (see Theorem 3.2.2 in Ref. |30] or Corollary 11.13 in Ref. [71] for the solvability of the 
corresponding Dirichlet problem), and / G C°°(Af U dM;M.) because the boundary condition is of type C°°{dM;'U.) 
(see Ref. j^Q], p. 252, or Ref. ^7\, p. 307 for the smoothness of the solution to the Dirichlet problem with smooth 
boundary condition). Now that /(r),r G Af U dM is a non-constant scalar field, and F — V/ satisfies all the 
qualifications as a member of 7i^(A4^ U dM; K), we see that the second de Rham cohomology group T-p{M U dM; E) 
will be non-trivial when the boundary dM is not connected. | 

Remark Here, we point out several observations related to the proof of this proposition. 

(1 ) Th e proof of this proposition immediately gives a heuristic physical picture behind the statement in Proposi- 
Suppose that the exterior volume \ (^ U dV) is connected, and E G C°°{V U dV;C^) n ker(V-) is a 



2.4 



tion 

solution to the homogeneous Born equation {I — xG)E = {I + Q)E = for x = so that the external field vanishes 
identically (see Theorem 1.2 1: 

E{r):=-VxVx 4X - r'\ — '^^^' = °' Vr G \ (F U W). 
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Recalling the continuity of tangential components in the electric field across a dielectric boundary (see Ref. [9], p. 18), 
we have the boundary behavior of the internal field as n x E{r) = 0, Vr e dV. Meanwhile, the internal field must also 
satisfy the differential equation V^E{r) + (1 + x)fc^£'(^) = y^E{r) = 0,Wr £ V U dV. These conditions altogether 
qualify £! as a member of the Hodge space H^{VUdV;R) = {0}, thus proving that 

ker(/ + g)nC°°{VU dV; C^) n ker(V-) = {0}. (2.32) 

In other words, so long as b2{V U dV) := dimn'^{V U dV;R) = dim7i:^(T/ U dV;R) 0, the vanishing tangential 
components n x E{r) = on the boundary surface dM for the field E S C°°{V U dV;C^) D ker(V-) leads to an 
identically vanishing internal field E{r) = 0,Vr S V. Proposition 2.4 extends the conclusion equation (Eq. |2.32 I in 



this physical picture by replacing the function space C°°{V U dV; C'^) with a larger one C°°{V; C^) n L^{V; 

(2) We note that for a c?-dimensional compact manifold M U dM with boundary dM and interior M, we have the 
following Poincare duality relation (see Eqs. 9.66 and 9.73 in Ref. ^7\, Chap. 5): 

H'"(MU9M;E) =H^-'"(Af;M),m==0,l,...,d. (2.33) 

Here, for the specific case d = 3,m = 2, the Alexander-Spanier cohomology group on the right-hand side of the 
above formula is defined by H^(M;M) = [ker(Vx) n C^(M; ]R3)]/{v/|/ e C^{M;R^)}. If the second Betti number 
vanishes dim7i^(MU9Af; M) = 0, then we have dim7i;!;(M; M) = 0, which means that every irrotational and compactly 
supported vector field F e ker(Vx) n C^(M;IR^) can be represented as the gradient of a scalar field with compact 
support F — Wf,f S C^{M;M.^). This is indeed the crucial topological tool employed in the rigorous proof of 
Proposition |2.4[ 

(3) We recall that the quantity bo{dM) :— dim'H'^{dM;M.) counts the number of connected components in the 
compact manifold dM. In this proposition, we have provided a detailed proof of the equivalence b2{M U dM) — <J=4> 
bo{dM) = 1 for the compact and connected manifold M U dM C M.^ with smooth boundary dM, using techniques 
similar to those employed in the uniqueness theorem of electrostatics (see Ref. |9], p. 37). 

We point out that this result has a direct topological interpretation, which we will sketch below. From the long 
exact sequence in de Rham cohomology (see Ref. [23, p. 370 and p. 374) for a connected manifold M d E'^ with 
smooth boundary dM, which reads 

{0} — >n°{MUdM;R) — >n°{dM;R) — >nl{M;R) — >n\M[JdM;R) — >n\dM;R) — > 
— >nl{M;R) — >n^{MUdM;R) — >n'^{dM;R) — >nl{M;R) — > {0}, 

we know that the alternating sum of the dimensions of the vector spaces appearing in the sequence amounts to zero: 

= dimn°{M U dM; R) - dimn°{dM; R) + dimnl{M; R) - dimH^(A/ U dM; R) + dimn^{dM; R) 
-dimnl{M;R) + dim {MUdM;R)- dim {dM; R) + dim nl{M; R) 
= 5o(M U dM) - bo{dM) + b2{MU dM) - 6i(M U dM) + bi{dM) 

-bi{M U dM) + b2{M U dM) - bo{dM) + ba{M U dM). (2.34) 

In the above computation, we have exploited the Poincare duality relation as expressed by Eq. |2.33| as well as the 
Poincare duality relation for 2-dimensional compact and oriented manifolds, which leads to bo{dM) = b2{dM). 

We may further argue that Eq. 2.34 can be simplified by the relation bi{dM) = 2&i(M U dM) if the compact set 
M U dM (E R^ has a smooth and connected boundary surface dM d R^, with bo{dAI) = 1. The uniformization 
theorem allows us to topologically classify the surface dM according to its first Betti number bi{dM) — 2g. Here, a 
surface with g = is topologically equivalent to a spherical surface, and a positive integer g > counts the number 
of holes in a pretzel-shaped surface. Meanwhile, the first Betti number bi{M U dM) counts the maximum number of 
cuts that M U dM can suffer without being divided into two pieces. By exhausting all the topological classes of dM, 
we can check that bi{dM) = 2g if and only if bi{M U dM) = g. Therefore, if dM is a smooth and connected surface. 



with boidM) = 1, then Eq. |2.34| leads us to 

62 (A/ U dM) = bo{dM) - bo{M U dM), (2.35) 

the right-hand side of which further simplifies to 6o(9A'/) — 1 = 0. In other words, bo{dM) = 1 implies b2{MUdM) ~ 0. 
Conversely, if we know that 62 (Af U dM) = dimHj(Af ; R) = 0, then the long exact sequence can be truncated as 

{0} — yn°{MUdM;R) — yn°idM;R) — ynl{M;R) = {0}, 



which also impHes that bo{M U dM) - bo{dM) = = b2{M U dM), and bo{dM) = 1. 
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Thus, we see that the equivalence relation b2{M U dM) = ■^==^ 6o((?Af) = 1 is intrinsic to the topology of the 
compact manifold M U dM (s M.^ with smooth boundary dM. 

Finally, we point out that the statement in Eq. |2.35| concerning the second Betti number can be rephrased for a 
bounded open set y (e b2{V) = dimn'^{V;R) = dimn°{dV;R) - dimn°{V;R) = dimn°{V U dV;R) - 1 (see 

Ref. [63, P- 229 for an analytic proof without using the exact sequence). | 



S2.3.3. Transverse Vector Fields in Star-Shaped Dielectrics 



Here, we state and prove an analog of Proposition 2.4 for star-shaped dielectrics. We call a region M C M star- 
shaped, if there exists a point Tq G M such that the line segment Lro.r {(1 ^ P)'''o + Pr\0 </?<!} joining Vq to 
any point r G M also lies in M, i.e. Lr„.r C M, Vr G M. 

Proposition 2.8 If the exterior volume M.^\{VUdV) is connected and the boundary has zero volume JJJgy d^r = 0, 
the dielectric volume V = UjlTi '^'^^ connected components Vi, . . . ,Vnv where Ny < +oo, and each connected 
component Vj is star-shaped, then -Pi5cr(e+/)-^ = ^ holds for any transverse vector field F G T{V;C^). 

Proof Without loss of generality, we may assume that Ny — 1 (i.e. V is connected), and — G V (i.e. Lq r C 
T/,Vr G V). In this case, we may outline the proof as follows. For any E G ker(^ + 1)^ we will construct a family 
of vector fields {E^^'> G Ci^iV; C^) n ker(^ -I- /)|0 < e < 1}, which are all irrotational V x E^^^r) = 0, Vr G F and 
approximate E in the L^-norm: lim£^o+ \\E'^^^ — £^||L2(y.c3) = 0. Consequently, we will show that {F, E'^^^)v = for 
any physically admissible vector field F G T{V;C^). In passage to the limit e 0+, we may thus confirm that the 
orthogonality relation {F,E)v = 0,V£J G ker((^ + /) holds for all F G T{V\'C'^), which entails the claimed relation 

-Pker(e+/)-^ = 0- 

The construction of E^^'^ can be accomplished in two steps. Firstly, we consider the spatially rescaled field in the 
star-shaped region V: 



E^'\r) {S,E){r) = 



£;((!- £)-V), if (1 -£)-V G 
0, otherwise. 



It is thus clear that such a vector field is compactly supported in V: supp^j'^l C {r G V\pv{r) < 1 — e} <s 1^, where 
the Minkowski functional is defined by py(r) = inf{a > 0|a~^r G V}. The Fourier transform of E^^^ is given by 



(q) = (1 - e)3 £;(r)e'(i-^)9 '- d = (1 - e)^E{{l - e)q). 

Therefore, we have q x E ^^^ (q) = 0,Vq G M?, so E^^^ G kcr(^ + /). Secondly, we smooth out £^[^1 by a convolution with 



the mollifier ks (Eq. 2.4| to obtain a vector field E'^^^ G C^{V;£'^) n ker(^ -I- /), as E^^^r) = ///^ (r')>!:5(r- 
r')d^r' . We may pick 5 = 6e G "^^^redvy^sM-ppE^'^^ ^ (0, ^e) so as to guarantee the relation suppiJ^^^ <s 

V. As the convolution amounts to multiplication by a scalar field in the Fourier transforms, we have q x E^'^\q) = 
0, Vq G M^ so G ker(^ + /), as well. 

We now verify that the family of vector fields {E^^^ G C^{V;C^) n ker(^ -t- /)|0 < e < 1} thus constructed are 
indeed irrotational and approximate E in the L^-norm. Here, the vector identity V x [E^^'>{r)e^'^''^] = e"'''V x 
£;(^)(r) + iqx £;('^)(r)e"?-'- leads to 



O^JJJ V-K[E^'>{r)e"i'-]d''r^jjj e^'^'V x E^'> (r) d'^r+iqx E^'> (q) = J J J e*'^''V x £;^^)(r) d V, Vq G 
which entails irrotationahty V x E'-^''{r) = 0,Vr G V. Furthermore, it is clear that 

lim ||£;(=)-£;[^l|U2(v.c3) - lim — 47^||£;W5^^-£;W|U2(R3.c3) 
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as the convolution kernel xs is an approximate identity in the limit procedure 5^0+ (Theorem 2.16 in Ref. 



The relation lim£^Q4 



lim^ 



+0+ 



\E-SM 



L2(V;C3) 



can be readily verified by the dominated 



convergence theorem (Theorem 1.8 in Ref. [29]), so long as £; G C^{V;<C^), where C^{V;C^) is a dense subset of 
L?{V; C'^) (Theorem 2.16 in Ref. jl^). For a generic E € L'^{V; C^), we may pick a family of infinitely differentiable 



and compactly supported vector fields {E^'^ ^ S C^{V; 
the inequality 



|e' > 0} such that lim^ 



L2(V^;C3) 



0. With 



and the fact that ||>5'e||i2(y.c3') = (1 — e)^, we arrive at 



lim \\E - S,E\\L2(^vm < 2\\E^''^ - E 



L2(V;C3) + 



lim \\E^^'^ - S,E^''M 



L2(V;C3) 



= 2\\E^''^ - E\ 



L2(y;C3)- 



Taking the limit e' 0+, we obtain lim£^o+ \\E ~ S'e£'||L2(y;C3) = 0,V£? G -^^(V; C"^). This eventually confirms that 



lim 



L2(V;C3) 



0. 



Now that V is star-shaped, we claim that the irrotational field E'^'^^ can be represented as the gradient of a scalar 
field 

£;('^)(r) = V/(r), where /(r) / E^'\f3r) ■ r d f3 ~ [ E^^\l3r ^) ■ r ^ d P , e dV. 

Jo Jo 

We may also check that / G C§°{V;C), in particular, we have the set inclusion relation supp/ C {r" G F|p\/(r'*) < 
min^,gg^pp£;(s) pv{r')}. This can be shown by considering a large open ball 0(0, R) D V U dV, zero-padding E'^^\r) 
for r G 0(0, 2R) \ V, then converting the representation of /(r) for r G {r^ G V^|pv'(r'') < min^,ggypp£;(e) py(r')} into 
a line integral of an irrotational vector field over a loop: 



fir) = 



E'^^\f3r)-rdf3+ f ((1 - /3)r /3i? |^ j • r d/3 + / E'-'^r') ■ dr' 

E^'^fSr,) ■r,dl3 + E^''' (^{1 - /3)r, + PR-^^ ■ d p 



= 0. 



Here, the arc Cfjr/\r\.Rr,/\r.\ C dO{0,R) is a smooth curve that starts from Rr/\r\ and ends at Rr^/\r^.\. Therefore, 
with F G T{V; C^) L^{V; C^) n C°°{V; C^) n ker(V-), we may deduce 



F*(r) • Vf{r)d^r ■ 



V • [F*(r)/(r)]dV = 0, 0<e<l 



(2.36) 



by quoting the divergence-free condition V • F{r) = 0,Vr G V, and using the Gauss theorem in vector calculus 
to convert a volume integral into a surface integral with vanishing integrand. As the scalar field / G {¥;€-) is 
compactly supporte d m V, the Gauss theorem is indeed applicable, irrespective of the smoothness of the boundary 
dV. Therefore, Eq. |2.36| leads us to {F,E)v = lim^^o+ {F , E'-''^)v = 0,VF G T{V;C^). | 



Remark A star-shaped open set V C M.'^ id > 1) has vanishing Betti numbers bmiV) — dim7i™(y;IR) = for all 
positive integers m, according to t he P oincare lemma (see Ref. [87], PP- 33-35, also Ref. [88j, p. 23). In particular, 
as seen in the proof of Proposition 



2.8 



for a star-shaped, bounded, and open set C M'^, it is possible to represent 
a compactly supported irrotational field E^^^ G {V;M.^) D ker(Vx) as the gradient of a scalar field with compact 
support. This property is necessarily guaranteed by the Poincare duality relation for open manifolds: dim7i|!;(y; M) — 
dim']-p{V; K) = (see Ref . [87 1, p. 46, also Ref. [88], p. 127). In other words, we have seen that a unifying topological 



theme in Propositions 2.4 and 2.8 is the trivialization of cohomology group = Hi- 

Convex polyhedra are among the many examples of star-shaped region without a smooth boundary. Hence Propo- 
sition [2j8] gives an extension of Propositions |2.4| to a certain class of non-smooth dielectrics that might be of practical 
interest. I 



S2.3.4. Surface Geometry and Optical Resonance 



Here, we supply some detailed derivations in differential geometry that is instrumental in the establishment of the 
optical resonance theorem (Theorem 2.1 1 for dielectric media with smooth boundary surfaces. 
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In the following three lemmata, E = dM will stand for the smooth boundary surface of a bounded open set M <£ M"^, 
with local curvilinear coordinates 77), normal vector n, surface element dS, mean curvature H, Gaussian curvature 
K. The coordinate argument r of a scalar or vector field will be suppressed for the sake of brevity, so long as no 
confusion arises. Smooth vector fields written in Greek letters (q:,/9 etc.) are tangent to the surface S (i.e. with 
vanishing normal component n ■ a = Q,n ■ 13 — Q etc.), whereas smooth vector fields written in Latin letters (a, b 
etc.) may or may not be tangent to the surface E. The Weingarten transform to an arbitrary smooth vector field 
/ is defined as W{f) — —{f ■ V)n. Here, whenever we talk about a "smooth field", we mean that it is infinitely 
differentiable in a certain tubular neighborhood of the smooth surface S. 

Lem ma 2 .4 Let n(^,r],e) be a smooth vector field defined in a tubular neighborhood of Yl via the procedure in Propo- 
sition 2.6 then the following identities hold?^ 



(n-V)n==0, n • [(a • V)n] = 0, V x n = 0, Vn^-2H, (2.37) 
for any smooth vector field a and smooth scalar field u. For any two smooth vector fields a and b, we have 

a • {n X [(b • V)n]} + a ■ {[{n x b) ■ V]n} = 2Hn ■ {a x b). (2.38) 



Proof From Eq. 2.29 we know that the normal vector field n{S^,ri,e) — n{^,ri,0) does not explicitly depend on the 
variable e, hence 

_an(|^^^ 
oe 

Now that dn/de = 0, and the differential operator a • V is a linear combination of d/d^,d/dri and d/de, we know 
that (a • V)n is a linear combination of dn/d^ and dn/drj, which in turn, can be expressed as a linear combination 
of tangent vectors df/d£,,df/dri, according to the Weingarten transformation (Eq. 2.281. This shows that the vector 
(a • V)n is orthogonal to n, i.e. n ■ [{a ■ V)n] — 0. 

Expansion of the vanishing gradient V(n • n) = results in 

= V(n • n) = 2(n • V)n + 2n x (V x n) = 2n x (V x n), 

hence the tangential components of V x n must vanish. Meanwhile, we may use the Stokes theorem to perform the 
following computations for sufficiently small 5 > 0: 



1 



n -V X ndS ^ 



{■r{i.n)\ii-W + iv-ruy<S^} 



1 



n • dZ = 0, 



{r{i.n)\ii-i.r-+{v-v.r=s^} 



where the line element dZ lies in the tangent plane. In the limit of J — > 0+, we may check that n • V x n must vanish 
identically. Therefore, the vector V x n has vanishing components in both the tangential and normal directions. 

To demonstrate the relation V ■ n — ~-2H for r G E, we apply the Gauss theorem of vector calculus to a tubular 
neighborhood r{Ui,^s x (— e', e')) •= {^(Cj Vi ^ ^*)^ + (^7 ^ V*)^ < ^"^ ^ kl < £'} as follows: 



V-n(e*,77*,0) 



lim 



///. 



r(t/4.5X (-£',£')) 



V ■ nd^f 



lim 



///. 

/r((7,,5X{0})L 



d 



lim 



r(C/,,5X{-£'}) 



f{U,x{e'}} 



dS 



'r((7»,,x(-£',e')) 

nHu...m)i-^^'H-2s'H + 0{e'')]dS 



(C/*,iX{0}) 



dS 



///f (C/,,iX(-e',e')) 

-27J(e.,r7*,0). 



d^f 



This concludes the proof of all the identities listed in Eq. |2.37[ 

As both sides of Eq. 2.38 are independent of the choice of local coordinates, we may verify the identity by choosing 
a special curvilinear coordinate system for the sake of convenience. In particular, we may locally parameterize the 
smooth surface S by the principal curvature coordinates (^, rj) that diagonalize the Weingarten transformation W 
(see Eq. 2.281, with the tangent vectors dr/d^ — ei,dr/dri — 62 being both unit vectors at a point of interest r^, S S, 



In some literature, the mean curvature H may be defined with a sign convention opposite to the one presented in |S2.3.l| thus one might 
obtain the identity V ■ n = +2H instead. 
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satisfying ei • ei = 62 • 62 = 1, ei • 62 = 0, ei x 62 = n := 63, as well as dn/d£, = —kiEi, dn/drj = — AC2e2. Here, ki 
and K2 represent the two principal curvatures (i.e. eigenvalues of the Weingarten transformation W). At the point 
Vi,, we may consider the decompositions a = aiei + 0262 + 0363 and b = hiSi + 62^2 + ^363. Direct computation 
shows that n x [(6 • V)n] = 63 x [— Kifc^ei — K2&2e2] = —K,ibi^2 + '^2^261, so a • {n x [{b ■ V)n]} — —Kibia2 + K2^2ai- 
Similarly, we have a ■ {[(n x b) ■ V]n} = — K2&ia2 + Kib2ai. As 2i/ = Tr (M^) = ki + ^2 by definition, the truthfulness 
of Eq. 2.38 is now evident. | 



Remark Using the extended definition of the Weingarten transform W{f) = — (/ • V)n, we may w rite E q. 
a • (n X W{b)) + a ■ [W{n x b)] = 2Ha ■ (n x b). Furthermore, as the vector field a is arbitrary in Eq, 
the following result: 



2.38 



2.38 



as 



we obtain 



n X W{b) + W{n x b) = 2Hn x b. (2.39) 
It is also easy to recognize that a ■ W{b) = b ■ W{a) holds for any two smooth vector fields a and b. | 

Hereafter, we will denote the tangential projection of a vector field a as at = {n x a) x n, and name an = {n ■ a)n 
as the normal projection. 

Lemma 2.5 Let a he a smooth tangential field and f he a smooth vector field, then we have the identities 

V X a. = W{oi.) xn-{n- V){ol x n) - n[V • (n x a)], (2.40) 
V X [n X W{n x /)] = -W{{n ■ \7)f) - n{V • [n x W{f)]} 

-2\7H X ft- 2H{W{f) X n - (n • V)(/ x n) + n[n ■ (V x /)]} (2.41) 

Proof On one hand, from the identity 

n X (V X a) = V(n ■ a) — [a ■ V)n — (n • V)q: — a x (V x n) = W{oi.) — (n • V)a, 

we may deduce 

(V X oi.)t = W{ol) X n-{n- V){a x n). (2.42) 
On the other hand, the vector identity V • (n x a) = a • (V x n) — n • (V x a) = — n • (V x a) reveals that 



(V X a)„ = — n[V • (n x ex)]. Combining the tangential and normal projections of V x a, we arrive at Eq. 2.40 



Using Eq. 2.39 we may split V x [n x W{n x /)] into two parts as V x [n x W{n x /)] = V x W{ft) — 2V x {Hft). 



Exploiting Eq. |2.40| we may evaluate 

V X W{ft) - W'^if) X n - (n • V)[W{f) x n] - n{V • [n x W{f)]} 



using the principal curvature coordinates (^, 77) as in the proof of Eq. 2.38 We start the simplification of V x W{ft) 
by writing ft = fiBi + ^2^-2 and computing 

+ ^((« • V)/) - (n • V)Ty(/) = K?/iei + Klhe2 - [(« • V)Ki]/iei - [(n • V)K2\h(^2. 

We note that once the local curvilinear coordinates (^, t]) depict a principal curvature coordinate system on E, they 
will remain so on the parallel surfaces of S. As a consequence, the values of principal curvatures at the corresponding 
points will be obey the relation 

Ki(r — en) = -—, K2(r — en) = 



l + eKi(r)' l + eK2{r)' 

so we have (n • V)ki — k\, (n • V)k2 — '«2j and consequently W'^{f) + W{{n ■ V)/) — (n • V)M^(/) — 0, 

V X W{ft) = ~W{{n ■ V)/) - n{V • [n x W{f)]}. 

Furthermore, we may quote Eq. |2.40| to derive 

-2V X {Hft) - -2VH xft~ 2HV x ft 

= -2VH xft- 2H{W{ft) xn-{n-V){ftxn)- n[V • (n x /)]} 
= -2VH xft~ 2H{W{f) X n - (n • V)(/ x n) + n[n • (V x /)]}, 



which eventually lead to Eq. 2.41 | 
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Lemma 2.6 For a smooth vector field f, we have the inequality 

|V X [n X M^(n X /)]| < (^s/Am - 2K + 2\H\j |(n • V)/| + 2|Vi7||/| + 2\H\ (^y^AH'^ - 2K\f\ + 2|V x f\ 

+2v/4i/2_2if [|V(e, • /)| + |V(e^ • /)| + |V(e, • /)|] (2.43) 

Proof Using the inequality |M^(a)p < max(K^, '«2)I<^P — (^i + '^Dl'^P — — 2K)\a\'^, it is easy to deduce from 

Eg. |2.4l| the following estimate: 

|V X [n X Win x f)]\ < y^AH^ ~2K\{n ■ V)/| + |V • [n x W{f)]\ 



+2|Vif||/| + 2\H\ { ^/Am ~ 2K\f\ + |(n • V)/| + |V x /| 

Thus, we only need to verify 



|V • [n X W{m < 2^4772 -2X[|V(e, • /)| + |V(e, • /)| + |V(e, • /)|] + 2\HV x f\ (2.44) 

in order to arrive at Eq. |2.43[ Using the vector identities 

V • [n X W{f)] = -n • V X W{f), 

V{f-n) = {n-V)f-W{f)+nx{V X f), 
n • V X [n X (V X /)] = 2Hn • V x / - n • [(n • V)V x /], 

that are direct consequences of Eq. |2.37[ we may bound the left-hand side of Eq. |2.44| as 

|V • [n X W{f)]\ < 2\HV X /I + |V X (n • V)/ - (n • V)V x /| (2.45) 

Using the Cartesian decomposition / — {e^ ■ /)e^ + {ey ■ f)ey + (e^ • f)ez, we may expand the last term on the 
right-hand side of Eq. |2.45| A typical term of such an expansion looks like 



^(n.V)(e,./)-(n.V)^(e,./) 



^.W]{eyf)^-[W{e^)-W{eyf)]e^, 



which is bounded by \/ AH"^ — 2K |V(ey • /)|. There are six such terms in the Cartesian decomposi- 
tion of the expression |V x (n • V)/ — (n • V)V x /|, eventually leading to an upper bound as 
2V4i/2 - 2K [|V(e, • /)| + |V(e^ • /)| + |V(e, • /)|]. | 

In what follows, the dielectric volume V = UjlTi ^ '^i^ be a bounded open set with finitely many connected 
components Vi, . . . , VjVvi each of which has a smooth boundary surface dVj,j = 1, . . . , Ny- The dielectric boundary 
dV — 9Vj consists of mutually disjoint subsets dVi, . . . , l9V^^^,, satisfying 

^0 ■— min |r — r'| > 0. 

redVj,r'edVj, 
l<]<j'<Nv 

The "pinched volume" is defined by V^-^ := V \ {f ^ — e' {r^)\r'^ G 9V, e' G (0,£]} while the "swollen volume" is 
defined by V^+^ := VU{f = r« + 5'n«(r«)|r« € dV, 5' G [0, S)}. The parallel surface ^V^;^ {f = r«-£n«(r«)|r« G dV} 
is assumed to be smooth for e G (0,22^], while the parallel surface dV^^^ := {r = + Sn^{r^)\r^ G dV} is assumed 
to be smooth for 6 G (0, Sy] where Sy < Sq/2. 

Lemma 2.7 There is a smooth scalar field q G C°°(M'';M) satisfying 

,{r) = 1, Vr G V \ F(3^^/2), .{r) = 0,Vr G (M^ \ V+^^) U V'^^y (2.46) 

and a Lipschitz estimate 

|<;(r) -^(r')| < Ci|r-r'|, Vr,r' GM^ (2.47) 

for some finite constant Ci < +oo. Meanwhile, there is a finite constant C2 < +00 that fulfills a Lipschitz estimate 

iD^in' -n)\:=\D''n{r')-D''n{r)\<C2\r-r'\, < 2 (2.48) 

whenever <j(r)c(r') ^ 0. For any given dy < 6q/2, the finite constants Ci and C2 are solely determined by the 
geometry of V and the choice of the parameter Sy. 
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Proof Picking a positive constant S > satisfying 36 /2 < Sy — 6 , 3{ev + S)/2 < ley — S, we may first construct a 
scalar field 

1 0, otherwise 

and then obtain <; S C°°(U.^; M) as a convolution <;(r) = ///jjs (;'^{r')Ks{r — r') d^r' . Here, the convolution kernel xg is 
Using the properties of parallel surfaces, one can directly verify that the scalar field ^ € C°°(]R'^;]R) 
satisfies the requirements in Eq. 2.46 Now that the gradient field e C°(C1(]R''^ \ V^]^j);R^) n 

C(f'(M^ \ V^^yR^) is continuous on a compact set C1(M^ \ V^^^,)), and vanishes outside CI (M^ \ V'^l^,)), it must be 
bounded in the entire space. In other words, there is a finite constant Ci < +oo such that |V<r(r)| < Ci,Vr S E'^. 
From the mean-value theorem in calculus, it immediately follows that |^(r) — ^(r')! < Ci\r — r'|,Vr,r' e M.^, as 
claimed in Eq. |2.47| 



2.4 



given by Eq. 
thus constructec 



Vdist (r,ay+^))/|Vdist {r,dVf 



(Sv) 



defines a smooth vector field n 



Noting that n(r) :— 

C'°°iC^i\ts/2)\^{{3ev+5S)/2))'^^) ^^e Compact set Cl(V(+/2) \ V(^3,^+55)/2)) with smooth boundary 



' {5S/2) ^ " ((3ev+5<5)/2)' have the Lipschitz estimate 



\D>^in' - n)| \D^^nir') - D>^nir)\ < Csjr - r'|, < 2,Vr, r' e CliV+,^,^ \ V^(73,, +55)72)) 

according to the Sobolev imbeddings into Lipschitz spaces (see Ref. |66], p. 99). By our construction of <j G C°°(K^; R), 
we have <r(r)<;(r') = if either r or r' falls outside CI (V^'^^^j) \ ^(73ev+5'5)/2)-'" Therefore, we have confirmed the 
Lipschitz estimate in Eq. 2.48 for all cases where <;{r)<;{r') ^0. | 

(n' — n) • p(r') 



Lemma 2.8 For e G (0,£v], define a scalar field 

9(e){r) := 



dvr 



Anlr 



dS' 



for a smooth vector field p S C°°{V;C^) D L'^{V]C^) ker(V-) n ker(Vx) C b'^{V;C^) that is square-integrahle, 
divergence-free and irrotational. There is a finite constant Qev-y < +00 such that 

h{e)\\w^.2,y- \y- c) < 5'ev;V^I|p|U2(y;C3) 

is satisfied by all e S (0, ey]. 

Proof We decompose p = Pt + Pn into tangential and normal projections pt{r') = [n' x p{r')] x n',pn{r') = 
[n' ■p{r')]n', and apply the Gauss theorem in vector calculus to convert surface integrals into volume integrals in the 
following computations: 



dV,- 



[n' ■ p{r')][{n' ~ n) ■ n'] 
47r|r — r'l 

p(r') • V' 



dS' 



n! ■ {p(r') X \n! x (n' — n)]} 



dvr 



47r|r - 



^(e)^^(3sv/2) 



(n' — n) ■ n! 


dV + 


///., 


47r|r — r'l 







p(r') 



dS" 
V X 



(n' — n) X n' 



47r|r - 



3^' 



dV 



(n' — n) • p(r') 



dv, 



47r|r 



dS" 



(3ev-/2) 



p{r') ■ g{r,r')d^r' 



{n' — n) ■ p{r') 



dv, 



dS' 



(2.49) 



(3ev-/2) 



In the derivation of Eq. 2.49 we have already exploited the conditions that V • p(r') = 0, V x p(r') = 0,Vr' G V. 

g^^j + (7^'^, where 5^^^ is the contribution from the volume integral in 



We may abbreviate Eq. 



2.49 



9{e 



^(e) \ ^{3ev/2) ^^'^ ^(e) Contribution from the surface integral on dV^^^^^^y We will briefiy derive two bound 

estimates HffL Ili2(v- \ y- q < 9e°:v\\p\\L^V;C^) arid \\9ll)\\w^^Hv-\v,- ,-C) < 5et;yllPlU^(V;C3), before probing into 
the upper bounds of \g\ , ^- 
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For r G V \ V^-^^^ and r' G V \ V^^^^^^^-^, we have <;(r)<r(r') = 1 according to Eq. 2.46 Consequently, the Lipschitz 



(3£v/2) 



estimate in Eq. 2.48 reveals that the integral kernel g{r,r') satisfies 



for some constant gi < +oo. Thus, the square integrability condition 



(3£v/2) 



J:0 



\ JJJvw- 



|g(r, r')p d-^r' d'^r < +00 



v\v. 



(3ev/2) 



leads to an estimate jjg? -||lL2fy- \y- .r) ^ dl' ■v\\p\\l^{V;C'->} ^ finite constant g"' .y applicable to all e e (0,ey]. 
Using the Bergman space inequality (Eq. 2.191, we can argue that there is a finite constant gl^.y < +00 satisfying 



\9ll)\\w^^Hv-\v- ,;C) - VY (^) ali-y , max |p(r')| < 5"t.y|lp|lL2(y.c3) 



2.48 



Here, with the Lipschitz estimate in Eq. 
area dS*' < +00, as well as the maximum values of 



we may set a finite upper bound for g*" .y using the bounded surface 



(n' - n) 




47r|r — r'l 


5 



(«-v) 



(n' - n) 



(n' - n) 



47r r — r' 



for the points r e F \ Vj^^j,r' e ^^^(3e^,/2) satisfying <;(r)<j(r') = 1. 

Now, we will use the Calderon-Zygmund theory in harmonic analysis to derive an estimate 

E \\D''9l)\\l^v-\v- -c) ^ U^l,v\\PhHV:C^)r with g^V < 

|P|=2 

First, for the smooth vector field p E C°°{V; C^), we may differentiate under the integral sign as 
{u-V){v -V) ( ( ( p{r')- g{r,r')d^r' 

^•^•^^(;,\^(3.,/2, 

= 5^,.(r)-p(r)+ lim /// p(r') • [(n • V)(i; • V)g(r, r')] d V, Vr e . \ , , 

for u,v £ {bx, By, Ez}. Here, the vector s„ „(r) is determined by the local shape of the parallel surface at r, via the 
relation 



r'edO{r,£') 



r — r 
\r — r'\ 



{n' — n) ■ n' 
AttW — r'l 



(n' — n) X n' 
47r|r — r'l 



where dO.' is the infinitesimal solid angle on the spherical surface dO{r,e'). With the Lipschitz estimate in Eq. 2.48 
we can see that |s«,^(r)| is bounded for r e V" \ Vr,, hence we have I]u,„g{e,,e„,e,} ' P\\\-iiv- \v- C) - 

C3II Plli2(y;C3)'^^ ^ (Oj^yli for some finite constant C3 < +00 associated with the geometry of V. Then, it is 
clear that the L^-estimate for £''^(7^^^, |/x| — 2 can be reduced to the study of the linear transformations g^^v for 
e {6^,6^,6^}, where 



{gu,vP){r) := lim 



V(;)\[V-^^,/,,UO(r,£')] 



p(r') • [(m- V)(v- V)g(r,r')]d>'. 



We will establish the boundedness of the linear operator gu.v ■ L^{V \ ^(3j^/2); 'C'^) — * L^(M'^;C'^) in two steps: 
(i) Verify that the second-order derivatives of g(r,r') induces a Calderon-Zygmund kernel; (ii) Verify that a modified 
version of the cancellation condition is satisfied by the Calderon-Zygmund kernel in question. 
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(i) We claim that every Cartesian component of 

g^Ar, r') := <;{r)<;{r'){u ■V){v- V)g(r, r') 

defines a Calderon-Zygmun d ker nel satisfying the three criteria outlined in Eq. |1.27| where the smooth scalar field 
<^ € C°°(IR'^;M) satisfies Eq. 2.46 To qualify gu.v{'i',i'') as a Calderon-Zygmund kernel, it would suffice to decompose 
the gradient and rotation into Cartesian components and investigate the behavior of third-order partial derivatives 

<;{r)<;{r'){u-V)ivV){wV) ^']'j^"'^'^'^' and <,{r)<;{r'){u-V)ivV){wV) ^",'_7„"^ ^„"' , Wu,v,w € {e,,ey,e,}. 



47r r — r' 



47r r — r' 



It is then evident that all the inequalities in Eq. |1.27| hold by virtue of Eqs. |2.47| and [2^48) 
(ii) Following Ref. |l9], pp. 305-306, we define two integrals 



Ie,Nir) 



e<|i — r'|<A'' 



K{r,r')d^r' and J^_^(r') 



e<\r-r'\<N 



where the kernel K{r,r') stands for any Cartesian component of gu^v{r,r'). We then claim that there is a finite 
constant A < +oo fulfilling a modified version of the cancellation condition (see Ref. |l9], p. 306 and p. 324) for all 

< e < iV < +oo: 



\Ie,N{r)\<A, Vre 



\Je,N{r')\ < A, Vr'e 



Once this "cancellation condition" can be confirmed for the integral kernel Qu^v, we may reveal the induced linear 
mapping g^^T, : L'^{V\ ^(3e^,/2)' '^'^) — * L'^{M.^;C^) as a bounded operator. 

Momentarily assuming that r £ V \ ^(^^^ /2)t ^ ^i^t ^^(Iv) ^ ^^i^sv)^^ evaluate the contribution to 

-fe,Af('") by converting it to a surface integral with the help of the Gauss theorem in the following fashion: 



, v 

0(r,N}\0(r,e) 

r' — r 



dO(r,N} 



aO(r,£} 



\r — r'\ 
r' r 
\r — r'\ 



{u ■ V){v ■ V) 
(m- V)(v- V) 
(m- V)(v- V) 



(n' — n) ■ n' 
ATi\r — r'\ 
(n' — n) ■ n' 

47r|r — r'l 
(n' — n) ■ n' 



V' X 



47r|r — r' 



r r 

\r — r' 
r' — r 



r — r' 



(u- V)(t;- V) 



{n' — n) X n' 
47r|r — r'l 

[n' — n) X n' 

47r|r — r'l 
(n' — n) X n' 



dV 



47r|r — r' 



dn' 

dr2'(2.50) 



where d fi' represents the infinitesimal solid angle on the spherical boundary surfaces dO{r, N) and dO{r, e). Quoting 
the Lipschitz estimate in Eq. 2.48 we can verify that Eq. 2.50 is uniformly bounded as e ^ 0+. This shows the 
boundedness of |/e,Ar(r)| under the constraint that r Q V \ V(^i,^/2)^ ^ < ^ist (r, dV^^^ U dV^^^^). Now if we relax 
this constraint and bring the smooth factors <;(r)<;(r') into picture, we can see that \I^^N{r) \ is also uniformly bounded 
for any given r S in passage to the limit N — > -|-oo. 

The bound estimate of | ^r(r)| can be built upon a similar strategy. We may take notice of the fact that once 
integrated upon the volume 0{r',N) \ 0{r',e), both terms 



(V' + V 
(V' + V) 



(m- V)(i;- V) 



(n' — n) ■ n' 
47r|r — r'l 
(n' — n) X n' 
47r|r — r'l 



O 
O 



r — r 



l\2 



r — r 



l\2 



will yield uniformly bounded results that hold for r' e y \ ^^(35^/2)' ^ ^ '^^^^ ^^(Sv) ^ ^^(2ev)^' "'"'^ meantime, 
the volume integral 



0(r' ,N)\0(r' ,e) 



(n' — n) ■ n' 



AttIv — r' 



V X 



{n' — n) X n' 
AttW — r'l 



d> 



may be recast into surface integrals on dO{r',N) and dO{r',e), in the same vein as Eq. |2.50 Eventually, when the 
smooth factors i;{r)(;{r') come into play for large values of N, the boundedness of |J£,Ar(r)| also becomes evident. 



Combining the conclusions in (i) and (ii) with the former result J2u ve{ 

« 112 ^ J,2 ll^ll < 



C3||p|li2(y.c3), 



we have E|;.|=2 P^^) "i^(R^;C) - d^-yMLHY-^ 



2 



p\r < 

P\\L^[V-^\V-^y,C) - 



for some finite 
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constant g^' .y < +00. Using the Gagliardo-Nirenberg-Sobolev inequality, we may derive a similar bound for 

llVg, 



Recalling the formerly deduced inequality Ili2(y- ^y- .j 
^'et-y llPlli^CViC^*)! arrive at the bound estimate 



< 



';:Vm\L^V;C'>) and ||g(";^||^2,2(y-^\y-^^.c) 



< 



\9{e)\\w^.^{V~.\V,' ■< 



< 



yyev-y) + 1,2 l,4 "''5£^,;y 



llp||L2(y;C3), Vee(0,ey] 



as claimed. 



Corollary 2.5 Consider two smooth vector fields U,p G C°°(V; C^) n L'^{V- C^) n ker(V-) n ker(Vx) C b'^{V; C^) 



that are square-integrable, divergence-free and irrotational, and a scalar field g^^-^ as defined in Lemma 2.8 Define a 
functional ofe;U,p as 

,p^[e;U,p]^(ff 2H{r)[n-U{r)]g^,){r)d~S-if) J7(r) • V5(,)(r) d 5, 



dV,~ 



avr 



then we have a finite constant '^\^.y < +oo fulfilling the inequality 

\,p^[e;U,p]\<¥^^.^y\\U\\mv;C^)\\p\\LHV;C^), Vee(0,£v] 



Proof We may use the Gauss theorem to derive 



ij^[e;U,p] = 



C/(r).V[2i/(r)5(,)(r)]d3r 



U{r) • {V[n • V5(,)(r)] - V x [n x V5(,)(r)]}d'V 

i7(r).V5(e)(r)d5. 



^(I)\^(Iv) 

2H{r)[n-U{r)]g^,^{r)dS- 



(2.51) 



After applying the Cauchy-Schwarz inequality to the first two lines on the right-hand side of Eq. |2.51| 
we can immediately realize that these volume integrals will be bounded by some constant multiple of 

W^hyv-wr ,c^)\\9{e)\\w^.2(v-\v,- >c) ^ W\\L^v,C^)\\9{e)\\w^-^(V'\vr ,-cv "^^ich in turn, must be bounded by 
ffev;l'll'^IU=(V;C3)||p||L2(y.c3), according to Lemma 



2.8 



Next, we note that the Bergman space estimate (Eq. 2.19| will yield two inequalities 

|[/(r)pd5<C5||C/|li2(y,c3), 



\2H(T){n-U(vWAS<C^\\U\\i. 



(y,c3)j 



where the finite constants C4, C5 < +00 are of purely geometrical origin. Meanwhile, quoting the boundary trace 
imbedding theorem (see Ref. (66], p. 164) for the Sobolev spaces W^^^iy^^-^ \ V(7^);C'^') C {dV^^^ U dV;^^^y<C^') 
with p < p' < {d~ l)p/ {d — mp), d = 3, d' = 1, 3, we obtain two inequalities 

(fh |5(,)(r)|2d5 < Ce\\gie)\\wi.2(y-\y- .0 < C6i9ev;v\\p\\LHV:,c^)f , 

JJ dVr , Me) ^ (^v)' ^ 

& |V5(,)(r)|2d5 < C^\\S/g(e)fw,,,,y-.y- .c^.<C<i{gey;v\\P\\L2{Vmf. 

JJ dVr , Me) ^ (sv)' ' 

(ev) 

where the constant Cg < +00 can be chosen as uniformly bounded for all e £ (0,ev]. Therefore, the bound estimates 
for the surface integrals in the last line of Eq. |2.51| can also be accomplished with the Cauchy-Schwarz inequality, and 
the finite constants C4, C5, Cg. | 
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Corollary 2.6 Consider two smooth vector fields U,p G C°°(y; C^) n ^^(y; C^) n ker(V-) H ker(Vx) C b'^{V;C^). 
For e e (0,£v'], define a vector field 



dv-^ 47r|r-r'| 



There is a finite constant G^^-y < +00 such that 

||G(e)||^y2,2(y- \v- < Gevy\\p\\L^v-c=>) 
is satisfied by all e £ (0,£y]. Furthermore, the functional 



P\ 



ov- 



2i/(r)[nx(7(r)].G(,)(r)d5 



(6 + 0) 

fulfills a bound estimate 



dV- 



U{r) ■ [2W{n x G(e)(r)) - V x G(,)(r)] 



|V'""[£;C/,P]| < K,.y\\U\\LHV;C-)\\p\\mV;C^), VeG (0,£y]. 



Proof After projecting the vector field G(g) to every unit vector u in the Cartesian basis set {ex,ey,ez}, we can 
estabUsh the inequality ||G(£)||j^2,2(y- \y- .£3) < Ge,^;v||p||i2(y.c3) following essentially the same line of thoughts 

as in Lemma 2.8 The adaptation of the proof only amounts to a replacement of all the occurrence of {n' — n) with 

remain valid. 
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u X (n' — n), while all the other reasonings in Lemma 
Applying the Gauss theorem to U,p], we obtain 



^P^^[e;U,p] = - 



i7(r) • V X [2H{r)G(^,){r)]d^r - 



U{r) • V X [n X W{n x Gu-,{r))]d^r 



ov, 



U{r) ■ {V[n • V X G(e)(r)] - V x [n x V x G(e)(r)]}d^r 

Uir) ■ [2W{n x G(.)(r)) - V x G(£)(r)] d5.(2.52) 



\v^ 

2H{r)[n x U{r)] ■ Gi^,){r) d S 



dV, 



Recalling the bound estimate of V x [n x W{n x G(£)(r))] from Eq. 2.43 as well as the geometric relation 
|V[^(n X G(£)(r))p < [4i7^(r) — 2iir(r)]|G(g)(r)p, we can bound all the volume integrals and the surface integrals in 
Eq. 2.52 using the methodology that has worked for Eq. 2.51 | 

So far, using the geometric information of the dielectric volume V, we have established bound estimates for all the 
terms in Eq. 2.26 which are crucial for the proof of the "optical resonance theorem" (Theorem 2.1 1. 



S2.3.5. Optical Resonance in IVlie Scattering 



Here, we verify the implications of the "optical resonance theorem" (Theorem 2.1 1 in the specific case of light 



scattering on spherical dielectric (Mie scattering). With the help of spherical harmonic functions Ygm, spherical Bessel 

(2) 

functions jg and spherical Hankel functions hg \ v 
the "optical resonance theorem" in Mie scattering. 



(2) 

functions jg and spherical Hankel functions ft,^ , we will give an independent and conceptually simpler derivation of 



Proposition 2.9 (Optical Resonance in Mie Scattering) If the dielectric volume V — 0(0, i?), < i? < +00 is 

spherical, then G{I + 2Q) : <i>(O(0, i?); C"^) > $(0(0, i?); C'^) is a compact operator, and we have (j'^{G) \ <^p{G) = 

{0,-1/2}. Meanwhile, the spectrum cr*(^) is a countable set, with {0,-1/2} being the only possible accumulation 
points. In other words, we can enumerate (J^{G) = {^s\s = 1,2,...} as a sequence, and there may exist non-trivial 
subsequences^^ in cr'^{G) that converge to either or —1/2, but not any other complex numbers as their limit. 



We call a subsequence non-trivial if all its members are distinct. 
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Proof We will give a constructive proof that the operator {G - 7)(/ + 20 - 7)) : $(O(0, R);C^) — > <^{O{0, R);C^) 
is compact, which entails the compactness of ^(/ + 2^) : ^{O{0, R);C^) — > <f>(O(0, i?); C'^) as well as most of the 
other claims in the proposition. 

We begin the constructive proof by recalling the eigenequation (7 — Q)Fg,n — {I ~ i')Fim — ^F^m/i^t + 1) for 



Fim{\r\,9,4>) = V[\r\'-Yim{0,4>)],i £ Zn [l,+oo);m S Zn [-t,P\, as pointed out in the Remark to Proposition lL3 
With the normalized eigenvector fim — Fim/\\Ftrn\\L'^{o{o,R):C^)i we will construct a spectral decomposition for the 
Hermitian operator 7 - ^ = I -V : $(O(0, i?); C^) — > $(O(0, i?); C^) as 



{i-f>)F^Y. 



E 



yP e $(O(0,i?);C3). 



(2.53) 



2.53 



Here, the right-hand side of Eq. 
$(O(0,i?);C3). 

We embark on the verification of Eq. 



2e+i 

is interpreted as an infinite series in £ that converges in the L^-norm of 

CI (ran*(/-P)) 



2.53 



by picking a Hermitian operator P : $(0(0, R); €?) 
as the orthogonal projection to the Hilbert subspace Cl(ran*(/ - V)) := Cl{(/ - 'D)F\F e $(O(0, i?); C^)} C 
$(O(0, R);C^)nb^{O{0, R); C^), which satisfies {I-V) = P{i-V) = {i-V)P. From the identity {i-V){i-P)F = 
and the proper inclusion CI (ran * (/ - P) ) C $(O(0, i?); C^), we see that G cr*(/-2?). As ft„i = [I - 'D){{21 + 
l)ftmie) = Pfim e ran*(J - V), it is also clear that (/--P)F)o(o,i?) = {{I - P)ftm, F)o(o 

for every F G $(O(0, i?); C^). Now that both sides of Eq. 
(i.e. when F =^ {I — P)F), it would suffice to prove Eq. 



2.53 



2.53 



)(0,_R,) 



O.yim holds 



vanish when F is orthogonal to Cl(ran*(/ — T))) 
for cases where F = PF E Cl(ran*(/ — V)). Using the 



properties of spherical harmonics, one can verify that the Hilbert subspace Cl(ran*(/ — 2?)) satisfies 
Cl(ran*(/-X')) C Cl{W f\f £ b^{O{0, R);C) W^'^{O{0, R);C)} 



CI |V/ 



00 

/(^) = E 

c 

V/(r) = 



^E 



£=0 



E 



\aiT, 



< +00 



E 



aem\r\^Yirn{0,<t)) 

y/W+y(2lTi) 



-E 



J2 M'i£ + i)' 



< +00 



Ey^I(2l+3) 
ftm 
. R 



'E 

1=1 



E 



< +00 } .(2.54) 



M^rn,F)oio,B.)hmyF € Cl(ran*(/- 
Using the convergence of the spherical harmonic expansion and the bound 
on the operator norm ||/ — I'||L2(o(o.fi);C3) ^ li we may conclude that 



Thus, we have a convergent spherical harmonic expansion F = J27Li J2r. 
V)) according to the last line of Eq. 



2.54 



{i~v)F~J2 



E 



£{fim, F)o(0,R)flm 



2£- 



L2(O(0,fl);C3) 



E 



=L + 1 



E ifirn, F)o{0,R)f&. 



L2(O(0,fl);C3) 



< 



E {ftm,F)o{0,R)fl'. 



L2(O(0,fl);C3) 



E 

0, as L ^ 00. 

as claimed. In conjunction with this, we may also justify the relation X^^m ^imfem 
(/ - 2?) J2em('^^ + '^)bimfim/£ G ran *(/ - V) so long as Y.im \^im? < +00, which, in turn, strengthens Eq 



Hence, we have verified Eq. 



2.53 



2.54 



as 



Cl(ran*(/-P))c <^^6f™/,,„ 



im. 



< +00 I Cran*(/-P). 



em 



This shows that {fim\£ G Z n [1, +00 ); m € Z n [—£, £]} forms a complete orthonormal basis for CI (ran *(/ — V)) = 
ran*(i — V). Now, comparing Eq. 2.53 with the standard spectral decomposition of a Hermitian operator (see 



Ref. HU, p. 319), and using the fact that G cr*(/ — 2?), we may deduce the structure of the spectrum as 

a*(/ --£>) = {e/{2£ +1)\£^ 0, 1,2,.. .}, af (/ - P) = {1/2}, a*(/ - V) ^ a^{i - P) U a*(/ - V). 
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Using Eq. 2.53 we may establish the spectral decomposition the Hermitian operator H -.^ {Q — + 2{Q — 7)) : 
$(O(0, R);&Y^ HO{0, R); C^) as below: 



HF = lim HlF, where HlF - V 

L^oo ^ — ^ 



E 



— 1 Lm— - 



(2^+1)2 



VF e $(O(0,i?);C3). 



Here, every member in the family of bounded operators {Hl ■ ^{O{0, R);C^) — > (f>(O(0, i?); C^)|i = 1,2, . . .} has 
finite-dimensional range, hence is a compact operator. Meanwhile, we have the uniform convergence 



lim 

L — >oo 



sup 

Fe*(O(0,i?,);C3)\{0} 



\HF — i?L-F||L2(y.c3) 

\\F\\l^{v,c^) 



lini -, — 

L^oo {2L + 3y 



0, 



which reveals H : $(O(0, i?); C^) — > $(O(0, i?); C^) as a compact operator. As the difference ^(/ + 2g) ~ H ^ 
7 + 2^7 + 27^ - 272 is a compact operator, the operator g{I + 2g) : $(O(0, i?); C^) — > $(O(0, i?); C^) is also 
compact. 

It is also true that {0,-1/2} C <Tf{Q). Otherwise, the assumption of € (resp. —1/2 e would 

lead to the conclusion that {Q — 7) (resp. 1/2 + {G — 7)) is a Fredholm operator, which contradicts the facts that 
dimker*(^ — 7) — +00 and ran *(//2+ (^ — 7)) ^ CI (ran *(//2 + — 7))). This proves that the continuous spectrum 
consists of exactly two points crf{G) ~ {0,-1/2}. | 

Remark We note that unlike the conclusion (Tc{G) C [—1,0] for merely energetically admissible (square-integrable) 
inputs £;inc e i2(O(0,i?);C^), wenowhave af{G) = {0, -1/2} for physically admissible inputs £;i„c e $(O(0, i?); C^), 
along with the conclusion that <Jp{G) is countable. In other words, whenever the incident field is physically admissible 

-E-inc € <I>(O(0, R);C^), the solution to the Born equation (/ — xG)~^Einc can only have countably many singularities 
for X G C, without encountering any branch cut. Owing to some subtle differences between the Hilbert spaces 
L'^{V;C^) and ^{V;C^), the conclusion in this proposition does not contradict the claim in recent literature |16l |37] 
that the spectrum of light scattering on a sphere (in the Hilbert space L'^{V;C^)) may contain a line segment as its 
subset. 

Such an absence of branch cut does not contradict the multi- valued square-root function for the refractive index 
= + can be partly illustrated by the following explicit expression of the Mie series (see Ref. |6], p. 122 or 
Ref. [16]) for light scattering on a dielectric sphere: 

E{r) = {{i-xGr'E,^,){r) 



00 e 

EE 

£=1 m=-e 



aimV X [rji{^/TTxk\r\)Yem{0,(t))] 



^Jl{i+l)kR 



JeiV^r+^kR) 



d[a;/if' (x)] 



hf\kR) 



x—kR 



d [yjtiy)] 

dy 



y^e{l+l)k^R 



i/3^„V X V X [rj^(Vl -f- xk\r\)Ye„,{0,<j))] 

(1 + xmVTT^kR) ^^i^^ - hf\kR) 



x=kR. 



|r| <(K55) 



with 



00 I 



Eincir) = E E 



iafo„V X [rje{k\r\)YeUS,(l,)] /3^„V x V x [rj({k\r\)Yi^{0,(l>)] 



f sin 



V ^ 



E 



./W+rik 

(-z2)™ 



^ 2"m!(2£+2m+ 1)!!^ 



hf\z) = {-zf 



r\ < R 
d 



m— 



In each summand on the right-hand side of Eq. 2.55 with index £, the common factors [{l+x)k^ R^V^^ in the numerator 
and the denominator exactly cancel each other, leaving only a quotient of two power series in 1-1-% without any branch 
cut, thereby making the Mie series effectively single- valued. We call this a partial illustration for the absence of the 
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branch cut, because in the Mie series representation, the incident field Ei^c is not only taken to be transverse, but 



2.9 



also a solution to the Helmholtz equation (V^ + k^)Einc{r) = 0,Vr g 0(0, i?). The conclusion of Proposition 
shows that the transversality alone is sufficient for the elimination of the branch cut, and the Helmholtz equation is 
not essential for this purpose. | 

It is customary (see for example, Ref. 0, p. 430) to classify multipole electromagnetic radiation into TE waves 
(transverse electric waves satisfying r ■ E — 0) and TM waves (transverse magnetic waves satisfying r • (V x £J) = 0). 
Let gdrj) denote either the function ji{k\r\) or + xA:|r|), then we note that the relations 

r • {V X [rgi\r\)YimiO, m -0, r-{VxVxVx [rg{\r\)Ye„,{9, 0)]} = 



are satisfied, leading to a natural decomposition of the corresponding Mie series fo r E(r ) — E (r) + E (r) and 



Eincir) 



-^inc i'^to TE waves and TM waves. It is evident from Eq. 



are decoupled in the Mie scattering solution as E 



'TE 
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iI-Xg)-'E^^^and E™ = {I 



that the TE and TM waves 

xG)-'E™. 



To facilitate further discussion, we define two sequences of analytic functions {//^(x)l^ = Ij 2, . . .} and {//^(x)l^ ■ 
1,2,.. .} in the complex-variable x G C related to the denominators in the Mie series for TE and TM waves: 



frix) 

/.™(x) 



1 



[(1 + X)fc2il'2]^/2 
1 

[(1 + X)fc2i?2]«/2 



d[xhf\x)] 



(i + x)jXv/r+xfci?) 



hf\kR) ^MM 



x—kR 



dy 
hY>{kR) 



X—kR 



dy 



(2.56a) 
;2.56b) 



Proposition 2.10 (Analytic Properties of Mie Coefficients) For the light scattering problem on spherical di- 
electric (/ - xQ)E = £^i„c e $(O(0,i?),C3), the eigenvalues are enumerated by ct*(^) = cr^'^^{G) U cr*'™(^), 
where 



<'^^(ty) = {A e C\ {0}|//^(1/A) = 0,^ = 1, 2, . . .}, ap'^'iG) = {A e C \ {0}|//^(1/A) = 0,£ = 1, 2, . . .}. (2.57) 

Neither ap''^^{Q) nor <Tp''^^{G) contains the point {—1}. Moreover, cr*(^) is a countable set, and (7p''^^{Q) has no 
accumulation points other than {0}. 



Proof From the boundary matching condition employed in the construction of the Mie series (see Ref. |6], p. 123 and 



p. 154), we have the eigenequation GEJ^ = XEj^ for 



Ej^ir) = V X [rj,(v/l + A-ifc|r|)r,^(0, 0)], /,™(1/A) = 0, 
and the eigenequation QEJ^ — A£J™ for 

E™{r) = V X V X [rj,(v/l + A-ifc|r|)y,„,(0, </>)], /,™(1/A) = 0, 
where the eigenvectors Ej^ and Ej^ represent free vibrations without incident field. This proves the set inclusion 
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relation a^{g) D y ap™{g), where a*'TE(^) and ap™{g) are given by Eq 

To prove the set inclusion in the reverse direction (7^(0) C <Tp'^^{Q) Uap''^^{g), we first note that any eigenvector 
E\ e $(0(0, i?); C"^) subordinate to an eigenvalue A £ cr* (^) C C \ {0} indeed must satisfy the Helmholtz equation 



2.5 



E\{r) + {1 + X^^)k'^ E\{r) = 0, Vr e 0(0, R), according to the smoothness argument carried out in Proposition 
Meanwhile, a transverse vector field satisfying the Helmholtz equation can be expanded with respect to a complete 
orthogonal basis set 

{V X [rjii^/l + A-ifc|r|)y,„(0, ,/))], V x V x [rj,(v/l + A-iA:|r|)y,„(0, 0)]^ = 1, 2, . . . ; m = . . .,£}, 



which is the totality of TE and TM waves with wave number \/l + X~^k. Therefore, the eigenvector E), is either exactly 
parallel to a member of this complete orthogonal basis set, or it is a linear combination of TE or TM waves subordinate 
to the same eigenvalue A. This proves that there are no eigenvalues of Q : <i>(O(0, R), C'^) — > <i>(O(0, R), C"^) that lie 
outside the set y a*'™(^). 

Therefore, the equality cr*(^) = ap'^^iG) U <T^'™{g) must hold for cr*'TE(^) and ap™{g) given in Eq. [iis? 
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We have 



kRh\^^{kR) _fTM/ \ 

' (2^+1)!! ' 



+ l)hf\kR) 
(2£+l)!! ' 



whereas the Wrohski determinant 



det 



dReh^i^\x)/ dx dluYh\f' {x) I d 



lYah^^\x) 



impHes h^J'\kR) ^ for kR ^ and e C. This shows that x = — 1 is not a root of fj^{x) or //^(x), hence 
For each fixed £^ the two analytic functions //^(x) and fj^{x) defined in Eqs. 



2.56a 



and 



2.56b 



are not identically 



vanishing, so each of them must have countably many roots without a finite accumulation point in C (see Ref. [89], 
p. 127). As a result, cr* (^) is the union of countably many countable sets, hence a countable set. 

Using the definition of TE wave r ■ £J^^(r) = 0, \r\ < R and the transversality condition V • £J™(r) — 0, \r\ < R, 
we may rewrite the Born equation (/ — xG)E'^^ = as 



+X lini \ V 



\r'\<R 



d^r' 

47r|r — r'l 

£;TE(^/-)g-ifc|r-r'| 

R'<\r'\<R 



47r|r - 



dV 



R' 



r' ■ £;TE(^')g-ifck-r'| 



\r'\=R' 



Anlr ■ 



dS' 



|7-'|<fl 



d^r', \r\<R. 



(2.58) 



This is effectively an equation (/ — Y k^C)E™ — E™, where the convolution transform C : L^{O{0, R), 
L'^{O{0, R),C^) (as defined in Eq. 1.2 I is a compact operator satisfying the Hilbert-Schmidt bound 



\r'\<R 




\r\<R 



47r|r — r'l 



d'^r I d^r' < +oo 



Therefore, we have cr* ' (^) C ap{k^C), and the set ap (G) may only accumulate at the point {0}, according to 
the Riesz-Schauder theory applicable to the compact operator k^C. | 

Remark For the specific case kR — 1, numerical evidence has been previously reported (see Fig. 4.1 in Ref. [16] 
and the accompanying text) that the roots of the denominators in the Mie series aggregate around the point = 
1 + X = — 1- This is consistent with the general conclusion (valid for all kR > 0) in Proposition 2.9 which pinpoints 
X = —2 <^A=l/x = — l/2asa potential accumulation point of eigenvalues. 

In Fig. [l] we numerically illustrate the existence of accumulation points {0, —1/2} in the physical point spectrum 
o'piG) by two specific cases kR = 1/2 and kR = Att. While the panoramic views of eigenvalues look different in the 
two cases, the locations of the accumulation points remain invariant. We use circular symbols (o) to plot the subset 
of eigenvalues tT*''^^(^) related to TE waves, and use cross symbols (x) to plot the subset of eigenvalues cr*'"^^(^) 
related to TM waves. It is graphically evident that (T*'"'"^(^) may accumulate at the point {—1/2}, but (T*''^^(^) 



2.56b 



may not. 

Heuristically speaking, Eq. 
totic expansion 



{kRY/rix) = - 



hints at a universal accumulation point 1 /x 



'1/2 in ap''^^{G) via the asymp- 



i[e{x + 2) + l] zx{^[-x + 2^(x + 2) + 4] + 3}fci? 
{2£+l)kR 2(2^-l)(2^+l)(2^+3) 



1 + 



k^R^ 



(2.59) 



Here, in passage to the limit ^ ^ oo, the right-hand side expression in Eq. |2.59| tends to zero if x = ~2, and tends to 
a non- vanishing value if x 7^ -2- Roughly speaking, the root of //^(x) (as approximately computed from the first 



two leading terms on the right-hand side of Eq. 2.591 asymptotically behaves like 



Xi 



1 



e 



£■ 



00, 



which can get arbitrarily close to the point {—2}, if £ is chosen to be sufficiently large. 
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Figure 1 Plots of the eigenvalues a*(e) = {A e C \ {0}|//'^(1/A) = or f™{l/\) = Q,l = 1,2, . . .} for two specific cases 
kR =1/2 (a) and kR = 47r (6). The complex roots of fJ^{l/X) and //^(1/A) are searched numerically and checked against the 
singularities in the phase diagrams of arg //^(1/A) and arg fJ^{l/\). An example of arg /i"^(l/A) is shown in the background 
of panel a. The values of I are color-coded, as indicated by the scale bar accompanying panel h. Both panels a and h give 
graphical evidence of the accumulation points {0,-1/2} (pinpointed by dashed arrows). In panel a, only a limited subset of 
cTp{Q) is shown, corresponding to the eigenvalues located by numerical root-finding of //^(1/A) and //"^(l/A) for 1 = 1,..., 20. 
Panel b further includes contributions from the roots of fj^^(l/\),l = 24, ... ,40 near A = —1/2. 



The electric enhancement ratio (EER) 

^-ER[E;BE]:^ III \E{r)\' d'r / III \{BE){r)\' A'r (2.60) 



is a dimensionless quantity of practical interest in the proble m of l ight-matter interaction described by the Born 
equation BE = (/ — xG)^ = -E'inc- The functional EER (Eq. 2.601 evaluates the energy enhancement inside the 
volume V in the presence/absence of the dielectric. In the optical parlance, EER measures the "focusing power" of 
the dielectric medium. 

Proposition 2.11 For the light scattering problem concerning a spherical dielectric V = 0(0, R) with —1/2 G (jf{G), 
the electric enhancement is unbounded for x = — 2; 

sup EER[£;; (/ -I- 2g)E] = +oo. 

0<///^|E(r)pd3r<+oo 

Proof From the definition of the continuous spectrum, the range of the operator {I + 2Q) : $(0(0, i?); C^) — > 
$(0(0, i?); C'^) is dense in, but not equal to <i>(O(0, i?); C^). Thus, the operator {I + 2Q) does not have a bounded 
inverse, according to the open mapping theorem (see Ref. UU, p. 75). Written symbolically, this amounts to the 
relation supo<||£||^,^^^^_^^^^3^<+^ EER[£;; (/ + 2g)E] = +oo. | 

Remark From Eq. |2.59| it is also clear that when x — ~2, we have the following asymptotic behavior of the noise 
amplification ratio for the inverse Born operator B^^ = (/ — xG)^^ = + 2^)^^: 



(I-XG) ^•W™||L3(O(0,fl);C3) 
H™IU-^(O(0.fl);C3) 



{2e + l)kR, where to/Jf (r) = V x V x [rn{k\r\)YeUd, ' 
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Figure 2 Plots of the function ^^(x, fci?) := l/|(fci?)V7'^(x)l for two specific cases kR = 1/2 (a) and kR = 47r (6). At the 
critical susceptibility x = ~2, the function Ai{—2, kR) ~ (2^" + l)kR, £ ^ (kR)^ has unbounded growth as ^ ^ +C)0, indicating 
an unbounded electric enhancement ratio for x = ^2. In contrast, for each non-accretive susceptibility Imx < other than the 
critical point x = ~2, the function Ai{x, kR) is bounded for alH = 1,2,..., with the limit value lim^^oo Ai(x, kR) — 2kR/\x+'2\ 
(asymptotes shown in dashed lines). This is partly illustrated by two special situations X = ~1 ^^(^ X ~ 



Therefore, for a TM incident wave given by 



iTM 



Im 



TM 



satisfying 



TM 



< +00 and 



im 



ID™ 

em "'hn 



(2.61) 

we have E™ e $(0(0, i?), C^) but there is no such a square integrable field E e L'^{O{0, R) ,C^) satisfying 
(J + 2Q)E = i^i™. This shows that the existence theorem fails when x = ~2, along with an unbounded elec- 
tric enhancement. 

The critical behavior of x = —2 is illustrated by two explicit examples in Fig. [2] It is easy to verify that for TM 
waves with large £ values, the electric enhancement ratio has an asymptotic expression 



EER[(/ - xG) 



^l„,TM. TMi 

"'em I "'em J 



|(A;i?)7,™(x)| 



so we plot Ai{x,kR) :— l/\{kR)^ fj^{x)\ in Fig. [2]to appreciate the criticality of the point x = —2. 

We note that the violence of existence for light scattering on a dielectric with x = —2 does not cause an "infinity 
catastrophe" (finite input causing infinite response) in reality, for several reasons. 

Firstly, as an ad hoc explanation, we note that the pathological incident field given in Eg. |2.6l| cannot analytically 
continue across the boundary, that is, the spherical harmonic expansion £J™(r) — X^^m '^em'^imi''') ^^^^^ ^° converge 
for \r\ > R. This disqualifies i^™ as an experimentally available incident field that has well-defined values outside 
the scattering medium. In other words, the failure of the existence theorem for x — —2 may well be an intrinsic 
defect of our admissibility criteria: we had only imposed the "energy admissibility" and "physical admissibility" on the 
internal field, but had not censored its extensibility to the space outside the dielectric. It was just remarkable that 
the (perhaps) glaring omission of such an extensibility censorship did not undermine the light scattering problem for 
all the physically available susceptibility values Im x ^ other than the critical point x = —2. 

Secondly, we might argue that even when the non-extensible localized incident field (Eq. 2.61 1 can be experi- 



mentally realized, it does not cause an infinity catastrophe in the real world, where all the dielectric media are made 
of atoms and molecules that come in finite sizes. The Born equation formulated out of the macroscopic Maxwell 
equations with idealized dielectric geometry may well break down on a microscopic length scale, i.e. in the limit of 
£ oo. Therefore, a reasonable application of the Born equation to light scattering inevitably calls for a physical 
cut-off of large £ modes, thereby precluding the occurrence of any type of infinite response in a dielectric sphere. 
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Lastly, even for non-spherical dielectric media, where the above two rationales do not necessarily generalize well, 
there are physical mechanisms fulfilling the principle of "nature abhors infinity". Admittedly, when the susceptibility 
X comes close to the critical point of {—2}, we have the resolvent estimate (see Ref. (40| . p. 149): 

^ ll*(V;C3) . ^^_^^J^Pp3^^^Qj ||£;i„,||i2(v.C3) - |x|dist(l/x,(T*(^)) - |x + 2r 

which suggests that a dielectric material with x ~ ~2 can possess extreme capability to garner electromagnetic energy 
(that is, to form a "lens of super focusing power", in the optical parlance). However, it should be noted that the ansatz 
about linear dielectric response D — {1 + x)^oE is reliable only for moderately large field intensities \E\'^^ beyond 
which the light scattering problem needs reformulation to accommodate non-linear optics effects (cf. the "non-linear 
saturation" argument in Ref. |78]). Even in the absence of non-linear optics effects, an extremely intense electromag- 
netic field may well cause electric leakage, induce chemical change, or pave way for pulverization/disintegration — 
there is still a variety of feedback mechanisms to drag the dielectric material away from the critical point x = ~2, 
thus preventing an infinity catastrophe. | 



S2.3.6. Resonance Modes in Acoustic and Electromagnetic Scattering 



Here, we give a brief survey of acoustic and electromagnetic scattering problems posed in d-dimensional (d = 1, 2, . . . ) 
Euclidean spaces W^. Our major aim is to compare the spectral properties of the scalar/vector wave scattering in 
various spatial dimensions and point out the distinctive feature (as well as the outstanding difficulty) of electromagnetic 
scattering. 

Definition Let w,Minc G L^(ri;C) be two square-integrable scalar fields defined in a bounded open set (g R'', 
u E L'^{M.'^;C) be the Fourier transform ■u{q) := /••• J^u{r)e^''''^ d'^r, then the acoustic scattering problem is given 
by 



Wi„c(r) = u{r) - lim 



0+ {2Try 



|q|2 - (fc-ie)2 



= u{r)-x [ ■■■ [ u{r')K^'^'>{r,r')d'^r', reft, 
J Jn 

where the convolution kernel K'''^\r,r') is given by 



(2.62) 



4i(27r|r-r'|)('^-2)/2 



and Hi denotes the lih order cylindrical Hankel function of the second kind. 

Let E,E^y^c e L^(ri;C'^) be two square-integrable vector fields defined in a bounded open set (g M'' (d < 3), 
E € L^(M'*; C^) be the Fourier transform E{q) ■— J E{r)e^'^''^ d ''r, then the electromagnetic scattering problem 
is given by 



X 



E,Ur) = E{r) + lim 

£^0+ (27r)° 



q[q ■ E{q)] - k^E{q) 



|q|2-(fc-i£)2 

(r)-x j ■■■ j^E{r')K'^'^\r,r')d'^r' - V ■ j ■ ■ ■ E{r')K^'^\r,r')d'^r' 



, r e r2,(2.63) 



where the scalar product q ■ E{q) is evaluated with regard to q G M'' C M'^ and E E C^. In particular, Eq. 
becomes the Born equation for light scattering when c? = 3. | 



2.63 



Remark In case d= 3, Eq. 2.62 can be written as 

Winc(r) = u{r) - X 



1.2 -ik\i — r'l 

u{r')—. ^dV 



Anlr — r' 



(2.64) 



or symbolically as (/ — xk C)u = u-mc (cf. Eq. 1.2 I. While Eq. 2.64 is primarily a model for scattering of scalar 
waves (e.g. acoustic waves, de Broglie waves among others) in three-dimensional Euclidean space M.^, it has been 
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sometimes used as a "scalar wave approximation" for light scattering (see Ref. |6], p. 198, as well as Refs. |901 191]) . 
Although the theories of the scalar wave scattering have been well-developed (see Ref. [S^ or Ref. ^7\), the fruits of 
acoustic scattering cannot be hastily transplanted to electromagnetic scattering problems, due to intrinsic discrepancies 



(cf. Theorem 2.1 and Proposition 2.121 between their spectral properties. 

In case d — 1,2, Eq. 2.63 can be used to describe the scattering of electromagnetic waves by dielectric structures 
with (idealized) translational symmetry along certain directions. For instance, in the d — 1 case, the bounded open 
set C K is a union of open intervals corresponding to the spatial region x occupied by parallel dielectric 
slabs; in the d = 2 case, the shape C can be interpreted as the uniform cross-section of a cylindrical dielectric 
standing in the spatial region x JR. To cast Eq. |2.63| with a well-defined Fourier transform, we have conveniently 
assumed that the electric field does not vary along the directions where the dielectric boasts translational symmetry, 
thus precluding the scenario of "oblique incidence". 

When the electric polarization is perpendicular to H. (say , both E and Ei^c are parallel to the z-axis while C 



sits in the xy-plane), then the term q[q ■ E{q)] in Eq. 2.63 vanishes, and the vector wave scattering equation exactly 
degenerates to a scalar wave scattering equation. | 



To ease further discussion, we will abbreviate Eq.|2.62|as (/-xC^'^^)" = Uinc and Eq |2.63|as {i-xQ'''^^)E = Einc by 



explicitly acknowledging the dimensionality in question. In parallel to Eq. |2.64[ it is possible to spell out the equation 
(/ - xC^'^^)u = Mine for d = l,2 (cf. Ref. |^) as follows 

f /ce"^*^'' — 

Uinc{r) = u{r)-x u{r') — dr' (2.65) 

Jncs. 

Ui„c(r) = u(r) - X / / u{r') ^dV (2.66) 

(2) 

where Hq denotes the zeroth order cylindrical Hankel function of the second kind, with logarithmic divergence at 
short distances: HQ'^\k\r — r' \) ^ — 2i[ln(fc|r — r'|)]/7r -I- 0(1). In general, for d > 2, the convolution kernel i('^'^)(r, r') 
related to C^'^^ exhibits power law divergence at short distances: K'^'^\r^r') — 0{\r — r'p^'*). 

Proposition 2.12 (Acoustic Scattering and Universal Compactness) The operators C^'^'^ L^(ri;C) — > 
L^(f2; C) are compact for any finite spatial dimensions d>\. 

Proof For dimensions d — 1,2,3, direct computation reveals that the Hilbert-Schmidt bound is satisfied 

|i^('^)(r,r')pd'^r^ d V < +oo, 

hence the corresponding operators C*^"*^ : -L^(r2;C) — > L^(ri;C) are compact. For d > 3, we may define the cut-off 
convolution kernel Ke'^\r,r'),e > as 



Kf\r,r') = 



fx('')(r,r'), \r-r'\>e 
jo, \r-r'\<e 



and denote by ci'^'^ : L^{^; C) — > L^(p,; C) the integral operator induced by the cut-off convolution kernel Ki'^\r, r'). 
Using the Hilbert-Schmidt bounds, one can readily check the compactness of c'^^ : L^(ri;C) — > L^(ri;C) for any 
e > 0. Meanwhile, according to the Young inequality (see Ref. [25], p. 271), we have the estimate 

||CWu-CWzi|U.(0;C) < II"I|l^(o.c) / ••• / \K'^^\r,Q)\'^''r ^ 0{e^)\\uU^(^n;C). 

J J\r\<e 

hence the uniform convergence limj^o+ Wcf"^ — C'-''-' 1 1^2(57. c) = 0. Being the uniform limit of a sequence of compact 
operators, the operator C'^'^^ : L^{fl; C) — > L^{fl; C) must be compact. | 

Remark By appealing to the Riesz-Schauder theory of compact operators, we see that for any fixed d R'^, d — 
1, 2, ... , the acoustic scattering problem (/ — xC^''')" = "inc is well-posed except for a countable set of "mechanical 
resonance modes" {xs,s = l,2,...|l/x G ap{C'''^^)}. Furthermore, this exceptional set has no finite accumulation 
points. I 
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Proposition 2.13 (Electromagnetic Scattering in One-Dimensional Dielectrics) For a hounded and non- 
empty open set C M, the operator ^(^^ : L'^{n;C?) — > L'^{n;C^) has an orthogonal decomposition ' — 
(-/) ©(C(i) ©C(i)) : L2(f];C)® L2(f];C2) — > L^l^; C) (S i^; C^) , with spectrum (7(^(1)) = {-1} U cr(C(i)). 

Proof Without loss of generality, we may assume that C M sits along the a;-axis, and decompose the polarizations 
of the electric fields into perpendicular (i.e. directed along the x-axis) and parallel (i.e. directed along the ?/,z-axes) 
components as E — E± + and Ei^c — Einc,± + -Bindi- Here, the nomenclature for "perpendicular" and "parallel" 
refers to their respective relation to the boundary surface dH. x of the "dielectric slabs" x C M^. Under these 



assumptions, the electromagnetic scattering problem (Eq. 2.631 decouples into the following two equations for r g 
within the dielectric volume: 

Einc.Ar) = {l + x)E±{r), 



£^inc,|l(r) = Ei\ir)~x / E\iir') dr'. 



In other words, we have an algebraic equation for the perpendicular electric field [/ — x{^I)]E± = Eiac.±, and an 
analog of the scalar wave scattering equation for the parallel electric field (/ — xC''^')£?|| = £^inc,||- This results in 
the said orthogonal decomposition Q^^^ = (-/) (C^^^ C^^') : L'^{n;C) ® L^{n;C^) — > L'^{n;C) © L^{n;C^). 
The spectrum of Q'^^^ : L^(ri;C"^) — > L^(il;C'^) can be consequently derived from the orthogonal decomposition as 
cr(^(i)) = {-1} U cr(C(i)), which is a countable set with the only possible accumulation point being {0}. | 

Remark We note that the singular behavior of one-dimensional electromagnetic scattering at x = — 1 persists even 
if we confine the vector wave scattering problem to transverse fields and require that has finitely many connected 
components, as can be seen from the representations 



and 



^{n; C^) = {Ej_ e L^{n; C^)\dEj_{r)/dx = 0, Vr e 17} © L^{n; C^), (2.67) 

dimker*(/-|-^(^)) = dim{£;_L G L^{n;C^)\dEj_{r)/dx ^ 0,yr e f^} + 2 dimkcr(/ + C^^)) 
^ dim7^"(r2;M) + 2dimker(/ + C(^)). 

In other words, the dimensionality of the eigenspace ker*(/ + G^^^) is related to the number of connected com- 
ponents Nq — dim7i°(ri;K) in C M. This persistent singular behavior does not contradict the conclusions in 



Proposition 2.4 or |2.8[ because M \ (17 U 551) is disconnected (and so is the volume external to the "parallel slabs" 
M3 \ [(fi X IEFJu 9(0x 

Unlike the electromagnetic scattering problems in higher dimensions, the one-dimensional electromagnetic scattering 
problem is special in the sense that its spectrum a{Q^^'>) — { — l}Uo'(C*^^-') = crp{Q^^^)U{0} does not differ significantly 
from the "mechanical resonance modes" in acoustic scattering a{C^^^) — the spectrum of a compact operator C*^^^. 
K we confine our attention to "physically admissible vector fields" (Eq. [2.67 1 defined on a bounded open set C 



with finitely many connected components (so that is a one-dimensional "smooth" submanifold of M), then the 
operator g^^'> = (— /) © (C^^' ©C^^^) : <i>(ri;C^) — > <i>(ri; C^) is compact, because the identity operator defined on a 
finite-dimensional space is compact. For light scattering problems concerning higher-dimensional bounded open sets 
(E M'' (d = 2, 3) with smooth boundary dfl, the compactness of g^'^^ : <^{fl; C^) — > <^{fl; C^) will be lost. | 

Proposition 2.14 (Electromagnetic Scattering in Two-Dimensional Dielectrics) For a bounded and non- 
empty open set C M^, the linear mapping I — X^^^'' • L'^{^',C'^) — > L^(J7;C^) is a Fredholm operator with index 
zero for x ^ (~0Oj~l]; while the operator ^^^^ : L^(f2;C'^) — > L^(ri;C'^) is not (necessarily) compact. When f2 has 
finitely many connected components fii, . . . , , Nq, < +00, and the boundary dfl = dflj C is smooth, the 

operator _|_ 2^(2)) ; (^(n;C^) > <^{n;C^) is compact, where $(fi;C3) is the Hilbert subspace of L^{n;C^) 

generated by the totality of transverse fields. 



Proof In parallel to the argument in Proposition 1.1 we split the operator Q^'^'' : L^(ri;C'^) — > 27^(17; C'^) into the 
sum of two parts ^^^^ = {Q^^^ — 7'^^) + 7^^^ where 



((^(2)_^(2))£;)(^)^V 



2tt 
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satisfies cr(^(2) _ ^(2)) ^ [-1,0] (cf. Lemma l.ll. One can use the Hilbert-Schmidt bound to confirm that the 
operator 7*^^^ : L^{fl;C'^) — > Lp'i^', C'^) is compact. Therefore, when x € C \ (— 00, — 1], the linear mapping I — xQ'^'^^ ■ 
L^(ri; C^) — > Li^i^] C"^) is the sum of an invertible operator / — xiQ^"^^ ~ 7*'^'') ^-nd a compact operator — X7''^\ hence 
it is a Fredholm operator with index zero: ind (/ — x^''^'') = € C \ (—00, —1]. 

Meanwhile, we recall the following series expansion of the two-dimensional Green function (see Ref. [5, p. 127) in 
polar coordinates r{p,<j>) and r'{p', </>'): 

^ ^ 1 1- 1 , L^i_|^J cos(m0-m0')> P> = niax(|r|, |r'|), p< = min(|r|, |r'|). 



ZTT \r — r'\ 2n p> 2tt \py 



Applying this expansion to the circular shape = 0(0, i?) n := {{x,y) G IR^ja;^ + < R^}, we can check 
that fm{p,(l)) V(pl'"le""'^),TO e Z \ {0} = {±1,±2, ...} satisfies the eigenequation (^(2) _ ^(2))_^^^^ ^ -/™/2. 
This shows that when = 0(0, i?) is circular, we have a non-zero eigenvalue —1/2 € crp{Q^'^'> — 7*^^-') with infinite 
multiplicity. As a non-zero eigenvalue of a compact operator always has finite multiplicity, we see that the operator 
^(2) „ ^(2) . 2,2(f];C3) — > L^{n;C^) is not (necessarily) compact, and neither is ^(2) . L^(^n;C^) — > L^{n;C^). 

The proof of the compactness for Q'^'^\l + 2Q'^'^^) : <i>(ri; C^) — > *&(f^; C'^) follows essentially the same spirit as in 
Theorem |2.1 1 with according changes from the boundary surface dV to the the boundary surface dH. x E generated by 
the boundary curve d^l C M^, an application of the Rellich-Kondrachov theorem to the compact imbedding W^'^ d 



where dp/{d — p) > 2, d = 2, 1 < p <2, and adoption of the Calderon-Zygmund criteria (Eq. 1.271 for d = 2. | 



Remark When — 0(0, i?)nE2 takes the circular shape sitting in the xy-plane, the problem posed as {i~xG^^'')E = 
Einc G <&(ri;C^) is just the light scattering on a circular cylinder with "perpendicular incidence" (i.e. dE/dz ~ 0, see 
Ref. j6j. Chap. 15). This problem can be solved following a similar vein as the Mie scattering for a dielectric sphere. 
Instead of the spherical counterparts, now the solution will be expressed in terms of cylindrical Bessel functions 
Jrm ITT- = ±1, ±2, . . . , cylindrical Hankel functions of the second kind Hm ■= Hm\ m = ±1, ±2, . . . along with their 
respective derivatives and H!^ (see Ref. [6], p. 301). When E is polarized along the z-axis ("||"-mode), the 
"cylindrical Mie series" will have summands proportional to^^ 

^ ^irJi^k\r\y-!l_ ^.±l,±2,...,reO(0,i^)^M^ 

which encounter singularities at 

^*,ll(g(2)) = 0,-1 Vl + A-i j;„(v/l + X-^kR)H^{kR) - J™(v/l + A-ifci?)ij;„(fci?) =0,m== 1,2,... }(2.68) 

Here, the pair of transcendental equations for ±|m| are linearly dependent. When W x E is polarized along the z-axis 
("_L"-mode), the "cylindrical Mie series" will have summands proportional to 

V X V X [rJ^iVTT^k\r\)e^-^] ^ = ±1, ±2, . . . , . e 0(0, i?) n M^ 



yiT^ JiniV^^kR)H^{kR) - ^/lT^J^{^/lT^kR)H'„^{kR) ' 
which encounter singularities at 

cTp^{g^^^) = {a ^ 0, -1 \ + \-^kR)Hra{kR) - + A-1 J™(Vl + X-^kR)H'^{kR) = 0,m = 1,2, . . . ](2.69) 

Here, the rationale behind —1 ^ crp'"(^^2-') U cr* '^(^'•2-') is the Wrohski determinant 



det 



dReiJ^^^(x)/da; Aim h';?\x) / d x ) ~ ttx' 



which impUes Hy (kR) ^ for kR 7^ 0, G C, and consequently 

VT+^j:^{VT+^kR)H^ikR) - J^{^T+^kR)H'„XkR) ^ kRH^^l.jkR) ^ 

-J'^{VT+xkR)H^{kR) - ,/T+^Jm{^/T+^kR)H'^{kR) H^\kR) 



X ™i ^ ^ (VT+^kR)"^ " 2'"(to - 1)! ^ ' 



In principle, there is a term related to m = 0, but V x [r Jo(vTT^fc|r|)] = 0. 
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2.68 



and 



2.69 



for positive integers m. 

Despite the similarities of the transcendental equations involved in Eqs. 
<yp''^{G^^^) may have dramatically different properties. The set fT*'"(^^^'') occurring in Eq. 

of the scalar wave scattering equation (/— xC'^^-')(e2-£J) = Bz-Eiac, so we have ap'^G^'^^) C ct(C^^^). Co nsequ ently, the 

may have 



t he tw o sets cr* (^*^^-') and 
arises from an analog 



2.68 



only possible accumulation point in ap ' is {0}. In contrast, the set ap-^{g^^^) occurring in Eq. 



between cr* (^'■^■') and o'*'^(^^^-') using two respective asymptotic expansions: 

(x+l)'"/2 

_ i (VX + 1 + 1) i [{m - 1)X (VX + Im + m + 2) + 2^% + 1 - 2] fci? 



2.69 



two accumulation points {0, —1/2}. Akin to Eq. 2.59[ we may give a heuristic illustration of the draniatic 



difference 



JL{V^+xkR)Hm{,kR) 



Am {m? — 1) TT 
Vl + ^J^{^T+^kR)H'^{kR) 



1 + 



(2.70a) 



(x + i)(™-i)/2 

i(x + 2) ix[m(x + 2) -x]A:i? 



xkR 



4(m2 - 1) TT 



l + O 



As 



-oo, Eq. 



2.70a 



(2.70b) 

(tj'^2^) cannot have an 



tends to a non-zero number for whatever x G C, suggesting that ap ' 
accumulation point other than {0}. Meanwhile, if x = ~2, Eq. 2.70b asymptotically vanishes, or roughly speaking, 
the left-hand side of Eq. 2.70b has a root that asymptotically behaves as Xm ^ —2 — {kR/m)^. This suggests that 
crp''^{G^^^) may have an accumulation point corresponding to 1/x = —1/2. | 

To summarize, we have the following table for the spectral properties of acoustic and electromagnetic scattering 
problems in dimensions d — 1,2 and 3: 



d 


Acoustic Scattering 


Electromagnetic Scattering 

{i - xg^'''^)E = Einc 


1 

2 
3" 


C^'^^ : L^{n;C) — > L'^{n;C) 
is a compact operator, 
a(C('^)) = (Tp(C('*))U{0} 
possibly accumulates at {0} 


a(^(i)) = {-1} U a(C«) = ap((?(i)) U {0}, 
^(1) : $(r2;C3) — * $(r2;C3) is compact 


^('')(/ + 2^('')) : $(f);C3) > $(f];C3) 

is a compact operator for d — 1,2,3, 
a*(gW) Ca*(^('*))U {0,-1/2} 
possibly accumulates at {0,-1/2} 


: $(0; C3) — > $(rj; C^) {d = 2, 3) 
is not (necessarily) a compact operator 



When <i>(ri; C'^) appears in the above table, the "smoothness condition" is tacitly assumed, i.e. a one-dimensional 
dielectric C M has to have finitely many connected components, and a high-dimensional dielectric C K"* (d = 2, 3) 
has to have finitely many connected components flj, 1 < j < Nq < +00, and a smooth boundary dfl — dflj. 
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